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Abstract

The most recent developments in the modelling of heating and evapora-
tion of fuel droplets, the results of which were published in 2014-2016, are
reviewed, and the most important unsolved problems are identified. Basic
principles of power law and polynomial approximations and the heat balance
method for modelling the heating of non-evaporating droplets are discussed.
Several approaches to modelling the heating of evaporating droplets, pre-
dicting different heating and evaporation characteristics, are compared. New
results in modelling heating and evaporation of spheroidal droplets are iden-
tified. Basic principles of the Discrete Component (DC) model and its ap-
plication to biodiesel fuel droplets are summarised. Main ideas of the Multi-
dimensional Quasi-discrete (MDQD) model and its applications to Diesel
and gasoline fuel droplets are discussed. New developments in gas phase
evaporation models for multi-component fuel droplets are presented. A self-
consistent kinetic model for droplet heating and evaporation is described.
New approaches to the estimation of the evaporation coefficient, including
those taking into account quantum-chemical effects, are summarised. Among
unsolved problems, the effects of non-spherical droplets, limitations of the
ETC/ED model, effects of the interaction between droplets, effects of the
moving interface due to evaporation, modelling of complex multi-component
droplets, modelling of droplet heating and evaporation in near- and super-
critical conditions, development of advanced kinetic and molecular dynamics
models and effective approximation of the kinetic effects are discussed.
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1. Introduction

The modelling of droplet heating and evaporation has been extensively
studied since the beginning of the last century, and the results of these studies
have been summarised in numerous reviews and monographs including those
published by the author [1, 2]. The main stimulus for these studies has been
linked with engineering, environmental and pharmaceutical applications of
the results of this modelling. For example, droplet heating and evaporation
is an integral part of the processes leading to autoignition of the automotive
fuel vapour/air mixture in Diesel engines [3]. The scope of the present re-
view is more limited compared with most previously published reviews and
monographs, including [1, 2]. It will focus primarily on the modelling of au-
tomotive fuel droplets (although some results may have a much wider range
of application) and results not included in monograph [2] (although there
will be some overlap with the results presented in this monograph; on some
occasions the same topics as in [2] will be considered but using different ap-
proaches from those described in [2]). As in [1, 2], some topics related to
droplet heating and evaporation will not be covered in this review, includ-
ing heating and evaporation of droplets during their interaction with walls
and the Soret effect (see [4] for a recent review of the latter phenomenon).
The analysis of purely experimental papers focused on the study of droplet
heating and evaporation and papers focused on multi-dimensional simula-
tions of heated and evaporating sprays will be very limited. This review is
intended to be complementary to recently published reviews [5, 6], where the
main focus is on ignition and combustion of individual droplets and arrays
of droplets, rather than fuel droplet heating and evaporation.

The overall structure of the review is similar to that of [1] and [2]. The
approaches to modelling of non-evaporating droplets are reviewed in Sec-
tion 2. The models for droplet heating and evaporation of mono-component
droplets are discussed in Section 3. The heating and evaporation models for
more realistic multi-component droplets are reviewed in Section 4. Section
5 focuses on kinetic and molecular dynamics models. The main unsolved
problems are summarised and discussed in Section 6.
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2. Heating of non-evaporating droplets

This section consists of two parts. Firstly the models described in [2]
will be briefly summarised with some of the most recent relevant references
added. Secondly, the discussion will focus on new models, not previously
described in [2].

2.1. Background research into modelling the heating of non-evaporating droplets

In this subsection the models for heating of non-evaporating droplets,
described in [2], are briefly summarised. The original references, mentioned
in [2], will not be reproduced in most cases, but relevant new references will
be added. Since most of the material presented in this section is described in
detail in [2], references to this monograph will be omitted in most cases. As
in [1, 2], the models for convective and radiative heating will be described
separately.

2.1.1. Convective heating of non-evaporating droplets

The most widely used model for droplet heating, for both non-evaporating
and evaporating droplets, is the one based on the assumption that liquid
thermal conductivity is infinitely large. This model predicts that there is
no temperature gradient inside droplets and the evolution of droplet tem-
perature with time is inferred from the energy balance equation: all heat
transferred from the ambient gas is spent on raising droplet temperature.
Despite the simplicity of this model, it is almost universally used in research
and commercial Computational Fluid Dynamics (CFD) and many original
investigations of the problem of droplet heating, including the most recent
ones (see Section 3.1).

In the case of stationary spherical droplets, the effects of temperature gra-
dient within them were taken into account based on the solution to the one-
dimensional (1D) heat transfer equation, assuming that the heating process
is also spherically symmetric. This equation was solved either numerically
(e.g. [7]) or analytically (see [2]). Two types of boundary conditions at the
surface of the droplet were considered. Firstly, these were Robin boundary
conditions assuming that the convection heat transfer coefficient is constant
at least during a short time step used in calculations. Secondly, it was as-
sumed that the heat flux approaching the droplet from the gas phase is equal
to the one entering the droplet; the former heat flux was obtained based on
the solution to the same 1D equation but in the gas phase. It was shown
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that the analytical solution to this equation in the liquid phase with the first
type of boundary condition is particularly useful for practical applications
in Computational Fluid Dynamic codes. This model was implemented into
ANSYS Fluent using User-Defined Functions (UDF) [8]. The predictions of
ANSYS Fluent with the new model were verified against the results predicted
by in-house research code for an n-dodecane droplet heated and evaporated
in hot air.

The above-mentioned solution for the stationary droplets was generalised
to the case of moving droplets based on the so called Effective Thermal Con-
ductivity (ETC) model. In this model, the effects of droplet movement on the
heat transfer processes inside the droplet were taken into account by replac-
ing the liquid thermal conductivity (kl) with the so called effective thermal
conductivity (keff). These two conductivities were linked by the simple rela-
tion keff = χTkl, where χT is a function of the Peclet number, based on liquid
properties and the velocity of liquid near the droplet surface; the values of χT

varied from 1 for almost stationary droplets to 2.72 for fast moving droplets.
This model could not predict the distribution of temperature inside moving
droplets, but was shown to be able to predict accurately the average surface
temperature of the droplets. It is necessary to emphasise that this model was
tested for a very limited range of Peclet numbers and the range of its applica-
bility is still open to question. This fact has been almost universally ignored
and the model has been applied to the analysis of droplet heating/cooling
without further investigation of this range. In the limiting case where liquid
thermal conductivity is infinitely large, the effects of temperature gradient
inside droplets and the effect of recirculation can be ignored. In this case the
model is known as the Infinite Thermal Conductivity (ITC) model.

As follows from the analysis of the solution to the 1D heat transfer equa-
tion for stationary spherical droplets, the dependence of temperature on the
distance from the droplet centre is close to parabolic except at the very
beginning of the heating process. This allows us to assume from the very
beginning that this dependence is parabolic and is characterised by two tem-
peratures: the temperature at the centre of the droplet and the one at the
surface of the droplet. The model based on this assumption is widely known
as the parabolic model. The values of these temperatures can be obtained
from analysis of the energy balance equation at the surface of the droplet.
The corrections were introduced to this model to make it applicable both
at the beginning of the heating process (when the conventional parabolic
model cannot be applied) and at times when the temperature profiles inside
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droplets are indeed close to parabolic.
Regardless of the liquid phase model used in the analysis, the heat sup-

plied to the droplets from the gas phase is characterised by convection heat
transfer coefficient h. In the case of stationary droplets h = kg/Rd, where
kg is gas thermal conductivity, Rd is the droplet radius (in this case the
convective heating/cooling of droplets reduces to purely conductive heat-
ing/cooling). In many practically important cases the convective heating of
droplets is described by the dimensionless Nusselt number Nu = 2hRd/kg .
In the case of stationary droplets, Nu = 2. Several correlations were sug-
gested for the estimation of Nu for the moving droplets. The most widely
used correlation can be presented as:

Nu = 2 + βcRe1/2Pr1/3, (1)

where Re and Pr are Reynolds and Prantl numbers based on gas properties
and the relative velocity of droplets. Perhaps the most widely used values of
βc in this correlation are βc = 0.6 (Ranz and Marchall correlation) and βc =
0.552 (Frossling correlation) (see [9] for the discussion of other correlations
based on (1)). The main limitation of (1) is that it predicts unphysical
infinitely fast growth of Nu with Re at Re = 0. An alternative correlation
for Nu was suggested by Clift et al [10]:

Nu = 1 + (1 + RePr)1/3 max
[

1,Re0.077
]

(2)

for Re ≤ 400. Correlation (2) was recommended in a well known paper by
Abramzon and Sirignano [11].

2.1.2. Radiative heating of non-evaporating droplets

The simplest and most widely used model for radiative heating of droplets
is based on the assumption that droplets are opaque grey spheres, charac-
terised by emissivity ε. In this case, the effect of radiative heating of droplets
can be considered as a surface phenomenon and radiative heat fluxes are
added to the convective heat fluxes hitting the droplet surface. This ap-
proach is used in all Computational Fluid Dynamics (CFD) codes that are
known to us.

The problem with this model can be recognised based on the simple
observation that most fuels are almost transparent in the visible part of
the spectrum (e.g. one can see the bottom of a glass filled with Diesel or
gasoline fuel). One might also anticipate that these fuels are at least partially
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transparent in the infra-red part of the spectrum. Thus the droplets should be
considered semi-transparent rather than grey opaque bodies and one would
expect that droplet radiative heating takes place not at their surface (as in
the case of convective heating) but via the absorption of thermal radiation
penetrating inside the droplets.

The most rigorous approach to the calculation of absorption of external
thermal radiation inside fuel droplets is based on the solution to the Maxwell
equations, with boundary conditions at the droplet’s surface. These bound-
ary conditions are continuity of the normal component of the wave electric
field and the jump in its tangential components controlled by the complex in-
dex of refraction of the liquid. This solution was obtained in the well-known
Mie theory. Direct application of the formulae predicted by this theory is lim-
ited by the complexity of relevant calculations, and their incorporation into
CFD codes is not feasible. In most practical applications, however, we are
primarily interested not in the details of the distribution of thermal radiation
absorption inside droplets but in the integral absorption of this radiation in
the whole volume of droplets. This integral absorption is characterised by
the efficiency factor of absorption Qa, defined as the ratio of radiative power
absorbed in a droplet to the power of thermal radiation illuminating that
droplet.

The results of Mie calculations of Qa for thermal radiation at a certain
wave length λ for a typical Diesel fuel were approximated by the expression

Qa =
4n

(n+ 1)2
[1 − exp(−2τ0)] , (3)

where n ≡ nλ ≈ 1.46 is the index of refraction, τ0 = aλRd is the optical
thickness of droplets, aλ is the absorption coefficient, Rd is the droplet radius.

Assuming that the thermal radiation illuminating the droplet is that of
a black body and n is constant, the average efficiency factor of absorption
of thermal radiation in a certain range of wavelengths Qa was calculated.
Using the experimentally measured values of the index of absorption κλ =
aλλ/(4π) it was found that a reasonably good approximation of Qa in the
ranges 5µm ≤ Rd ≤ 50µm and 1000K ≤ θR ≤ 3000K can be approximated
by the following expression:

Qa = aRb
d, (4)

where a and b are polynomials (quadratic function in most cases) of the
radiative temperature θR (external temperature in the case of optically thin
media), Rd is droplet radius in µm.
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Approximation (4) appears to be particularly useful for implementation
into CFD and research numerical codes (e.g. [12]). In fact it allows us to take
into account the effect of semi-transparency of droplets on droplet heating
and evaporation without using any extra computer resources. As was shown
in [13], the predictions of typical droplet heating and evaporation based on (4)
are very close to those based on a more complex model taking into account the
difference in thermal radiation absorption in different areas inside droplets.
Qa predicted by (4) cannot exceed 1.

Note that classical Mie theory can be applied to spherical droplets only.
In the case of illumination of droplets of more complex shapes, including
spheroidal droplets, more advanced mathematical tools are needed. These
include the generalised Lorenz-Mie theories [14]. The models of droplet ra-
diative heating based on these theories have yet to be developed.

The accuracy of calculation of coefficients a and b strongly depends on
the accuracy of measurements of κλ. Only very preliminary measurements of
this parameter have been performed so far; the errors and reliability of the
results have not yet been investigated to the best of my knowledge (the values
of κλ strongly depend on the type of automotive fuel used in the analysis).

Despite considerable progress in developing models taking into account
volumetric absorption of thermal radiation in droplets, more basic models
in which the absorption of thermal radiation in droplets is considered as a
surface phenomenon are still widely used (e.g. [15, 16]).

2.2. Recent developments in modelling the heating of non-evaporating droplets

2.2.1. Power law and polynomial approximations

Well known limitations of the previously mentioned parabolic model and
the complexity of the model based on the rigorous analytical/numerical so-
lutions to the heat transfer equation inside droplets stimulated efforts to de-
velop new models. These were more accurate than the parabolic model and
more simple than the models based on the rigorous solutions to the above-
mentioned heat transfer equation. One such model, known as the power law
approximation, was suggested by Brereton [17] and further investigated by
Snegirev [18]. This model is based on the assumption that the temperature
profile inside the droplet can be approximated as:

T (R) = cp0 + cpp

(

R

Rd

)p

, (5)
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where R is the distance from the droplet centre, p is the model parameter
adjusted to replicate temperature profile at small times, constants cp0 and
cpp are determined from the values of the heat flux at the surface of the
droplets and their average temperature. For p = 2, Expression (5) describes
the parabolic temperature profile.

To describe the transient heating of a spherical droplet it was assumed
that p depends on time. At the initial stage of heating the values of p were
shown to be very high (typically in the range 10 to 100), and then these values
rapidly decreased with time. Since, the parabolic model is known to describe
adequately the temperature distribution inside a droplet in a long time limit,
it was assumed that p ≥ 2 at all times. The power law approximation was
shown to describe the heating of non-evaporating droplets in gas with fixed
temperature, both in short and long time limits, reasonably accurately.

The model developed in [19] is also based on on (5) but with cp0 = Tc

and cpp = Ts − Tc, where Tc and Tw are temperatures and the centre of
the droplet and at its surface, respectively. An empirical formula for n was
obtained based on the the temperature distribution predicted by the rigorous
1D model.

The main limitation of this approximation is that it can predict only
monotonic temperature profiles. This limitation was overcome by the so
called polynomial approximation, originally suggested in [20] (although for a
different problem), and investigated in detail in [18]. In this approximation
the temperature profile inside the droplet is presented as:

T (R) = cp0 + cp2

(

R

Rd

)2

+ cpp

(

R

Rd

)p

, (6)

where p > 2.
Approximation (6) allows one to overcome the above-mentioned limita-

tion of the model based on (5). It was shown that the polynomial approxima-
tion can adequately describe non-evaporating droplet heating for arbitrary
dependence of the external heat flux on time [18] (this was demonstrated for
the cases of stepwise and smooth periodic surface heat flux).

Intrinsic limitation of the power law (including parabolic model) and
polynomial approximations stems from the assumption that the temperature
profile (either parabolic or higher order polynomial) is instantly established
in the whole droplet volume. At the same time, one would expect (and this
is confirmed by a rigorous analytical/numerical solution to the heat transfer
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problem inside droplets) that initially only a thin layer close to the droplet
surface is affected by the external heat supplied to the droplet; then this heat
gradually penetrates inside the droplet up to its centre. These processes are
taken into account in the model described below.

2.2.2. Heat balance integral method

The heat balance integral method, originally described in [21, 18], is based
on the introduction of the thermal layer of thickness δ(t), which is assumed
to be time-dependent in the general case. Inside this layer temperature is
approximated by the parabolic profile, and the initial temperature is set
unchanged outside the layer:

T (t)

{

ch0 + ch2

(

R−(Rd−δ)
Rd

)2

, Rd − δ < R ≤ Rd

T0 0 ≤ R ≤ Rd − δ ≤ R.
(7)

Expression (7) describes the parabolic model when δ = Rd.
Having found the droplet average temperature from the heat balance

equation for the whole droplet, the thickness δ can be estimated by iterations
of the following equation:

δ(i) = Rd

√

√

√

√

2keff

(

T0 − T
)

qsRd

[

1 − 1

2

δ(i−1)

Rd
+

1

10

(

δ(i−1)

Rd

)2
]−1

(8)

where i = 1, 2, 3, ... is the iteration number, qs is the heat flux at the droplet
surface, keff is the droplet effective thermal conductivity defined earlier. Note
that in the case when T > T0 we expect that qs < 0.

In the limiting case when δ(i) = δ(i−1) = Rd, Equation (8) reduces to:

T0 = T +
3qsRd

10keff
. (9)

This expression coincides with the one predicted by the parabolic model for
R = Rd. It was shown that the thermal layer expands to δ = Rd when the
Fourier number Fo = keff t/(clρlR

2
d), where cl and ρl are specific liquid heat

capacity and density respectively, reaches 1/10.
As demonstrated in [18], the heat balance integral method can predict the

time evolution of the surface temperature of a non-evaporating droplet much
more accurately than the parabolic model. Note, however, that this method,
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as well as the power law and polynomial approximations, were verified in
[18] based on the analytical solution to the heat transfer equation inside a
droplet using the Neumann boundary condition (fixed external heat flux).
The limits of applicability of this solution have not been investigated. This
could be done based on the comparison of this solution with the solution to
this equation using the Robin boundary condition (used in [2]).

All approaches to droplet heating discussed so far are based on the as-
sumption that the heat conduction equation is linear. Possible approaches to
solving non-linear heat conduction problems are discussed in [22, 23, 24, 25].
The heat transfer problem in an orthotropic sphere (difference in heat con-
ductivities in different directions was taken into account) was considered in
[26]. This generalisation seems not to be relevant to the problem of fuel
droplet heating and evaporation. The analysis of non-Fourier models of heat
transfer is beyond the scope of this review (see [27, 28, 29, 30, 31, 32, 33] for
the details).

Note that the problem of heating of non-evaporating spheroidal droplets,
using the Dirichlet boundary conditions, was solved analytically by Niven
[34] more than a century ago. There has been no further progress in this
direction to the best of my knowledge.

3. Droplet heating and evaporation (mono-component droplets)

As in the case of Section 2, this section will include two parts. Firstly
the models described in [2] will be briefly summarised with some of the most
recent relevant references added. Secondly, the discussion will focus on new
models, not previously described in [2].

3.1. Background research into the modelling of mono-component droplets

In a series of our earlier papers summarised in [2] the effect of evaporation
on droplet heating was taken into account by replacing the ambient gas
temperature in the analytical solution to the heat transfer equation inside
droplets with the so-called effective temperature defined as:

Teff = Tg +
ρlLṘd

h
, (10)

where the value of Ṙd (the derivative of the droplet radius with respect to
time) was taken from the previous time step.
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Using the classical Stefan-Fuchs model, the effect of evaporation on the
Nusselt number, corresponding to the convection heat transfer coefficient h
in (10), for stationary droplets can be described by the following equation:

Nu = Nu0
ln(1 +BT )

BT
, (11)

where Nu0 = 2h0Rdkg = 2, h0 = kg/Rd is the convective heat transfer
coefficient for a non-evaporating sphere, BT is the Spalding heat transfer
number

BT =
cpv(Tg − Ts)

L(Ts) − (|q̇d|/ṁd)
, (12)

cpv is specific heat capacity of fuel vapour at constant pressure, Ts is the
droplet surface temperature, L(Ts) is specific heat of evaporation, |q̇d| is heat
spent on raising droplet internal energy, ṁd is the droplet evaporation rate
(note that ṁd ≤ 0).

Using the same above-mentioned Stefan-Fuchs model, the value of ṁd for
stationary droplets can be estimated as:

ṁd = −4πRdDvρtotal ln (1 +BM) , (13)

whereDv is the binary diffusion coefficient of fuel vapour in air, ρtotal = ρv+ρg

is the density of the mixture of vapour (subscripts v) and ambient gas (air;
subscripts g), BM is the Spalding mass transfer number defined as

BM =
ρvs − ρv∞

ρgs
, (14)

where subscript s refers to the surface of the droplet, subscript ∞ refers to
ambient conditions. When deriving (13) both the contribution of molecular
diffusion of vapour relative to air and bulk motion of vapour together with
air (Stefan flow) were taken into account. In the limit when BM � 1 the
effect of Stefan flow can be ignored. Also, when deriving (13) it was assumed
that ρtotal does not depend on the distance from the surface of the droplet.
This is a reasonable assumption for weakly evaporating droplets when ρtotal

is controlled mainly by ambient gas density, but is expected to be a serious
limitation of the model for strongly evaporating droplets with high surface
temperatures. A model in which this assumption is relaxed was developed
by Tonini and Cossali [35].
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Note that ρvs is controlled by the droplet surface temperature. This leads
to a strong link between Expression (13) and the corresponding equation
for droplet heating. A simplified version of Equation (13) for vacuum flash
evaporation cooling (without the Stefan flow) is given in [36, 37].

Using the analogy with the convective heat transfer coefficient, we can
introduce the convective mass transfer coefficient hm such that

ṁd = 4πR2
dhm (ρg∞ − ρgs) . (15)

Comparing (13) and (15) we can find an explicit expression for hm:

hm =
hm0ρtotal ln (1 +BM )

ρgsBM

, (16)

where hm0 = Dv/Rd. Assuming that ρgs ≈ ρtotal (this is compatible with the
assumption that ρtotal = const), we can write:

hm = hm0
ln (1 +BM )

BM
. (17)

Introducing the Sherwood number Sh = 2hmRd/Dv we can rewrite Formula
(17) as:

Sh = Sh0
ln (1 +BM)

BM
, (18)

where Sh0 = 2hm0Rd/Dv = 2 (see the analogy with the Nusselt number for
non-evaporating droplets). Using Sh, Expression (13) can be presented in a
more compact form:

ṁd = −2πRdDvρtotalShBM . (19)

An alternative expression for ṁd for stationary droplets was derived in
the form:

ṁd = −4πkmRd

cpv

ln(1 +BT ), (20)

where km is thermal conductivity of the mixture of ambient gas and fuel
vapour (in the case of weak evaporation, km ≈ kg), BT is defined by (12).

Abramzon and Sirignano [11] suggested that Expressions (11), (13), (18)
and (20) could be generalised to the case of moving evaporating droplets using
the so called ‘film theory’. The key concepts of this theory are film thicknesses
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δT and δM , the expressions for which were derived from the requirements that
the rates of a purely molecular transport by thermal conduction or diffusion
through the film must be equal to the actual intensity of the convective heat
or mass transfer between the droplet surface and the external flow. Ignoring
the Stefan flow for estimation of δT and δM , this requirement can be presented
as:

2

1 − Rd

Rd+δT0

= Nu0,
2

1 − Rd

Rd+δM0

= Sh0, (21)

where subscripts 0 at δT and δM indicate that the effects of the Stefan flow
were ignored. Equations (21) can be rearranged to the form presented in
[11]:

δT 0 =
2Rd

Nu0 − 2
, δM0 =

2Rd

Sh0 − 2
. (22)

For stationary droplets Nu0 = Sh0 = 2. Hence, δT 0 = δM0 = ∞.
The effect of droplet motion on Nu0 for non-evaporating droplets is de-

scribed by Eqs. (1) and (2) (subscripts 0 in these equations need to be added
to indicate non-evaporating droplets). Similar expressions were obtained for
Sh0 [11]:

Sh0 = 2 + βcRe1/2Sc1/3, (23)

Sh0 = 1 + (1 + ReSc)1/3 max
[

1,Re0.077
]

(24)

for Re ≤ 400, where Sc = νm/Dv , νm is the kinematic viscosity of the mixture
of gas and vapour. Correlation (24) was recommended in [11].

δT 0 and δM0, defined by (22), can also be considered as thicknesses of the
thermal and diffusional boundary layers. One can draw a parallel between
these boundary layers and the conventional hydrodynamic laminar boundary
layer [38]. It is known that surface blowing results in the thickening of the
latter layer. One would expect that a similar thickening takes place for the
thermal and diffusion boundary layers due to the effect of the Stefan flow.
This thickening was described by parameters FT and FM defined as [11]:

FT = δT/δT 0, FM = δM/δM0. (25)

To estimate FT and FM , a model problem of the laminar boundary layer flow
past an evaporating edge was considered in [11]. The following correlations
were suggested in the ranges 0 ≤ (BT , BM) ≤ 20 and 1 ≤ (Pr, Sc) ≤ 3:

FT,M = (1 +BT,M)0.7 ln (1 +BT,M)

BT,M
. (26)
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FT,M increases from 1 to 1.285 when BT,M increases from 0 to 8, and remains
almost constant for larger BT,M .

Using film theory, we would expect that an increase in the film thicknesses,
described by (25) and (26), would lead to a corresponding decrease in Nu0

and Sh0. The new decreased values of Nu0 and Sh0, called ‘modified’ Nusselt
and Sherwood numbers in [11] (Nu∗ and Sh∗), were found from (21), in which
δT 0 and δM0 were replaced with δT = δT 0FT and δM = δM0FM :

2

1 − Rd

Rd+FT δT0

= Nu∗,
2

1 − Rd

Rd+FM δM0

= Sh∗. (27)

Equations (27) can be rearranged to the form presented in [11]:

Nu∗ = 2 +
Nu0 − 2

FT
, Sh∗ = 2 +

Sh0 − 2

FM
. (28)

Note that while Nu0 and Sh0 have clear physical meaning as the Nusselt
number for non-evaporating droplets, and Sherwood number for evaporating
droplets in the limit BM � 1 (the contribution of the Stefan flow can be
ignored), the physical meaning of Nu∗ and Sh∗ is less clear. These parameters
allow us to present the expressions for the actual Nusselt and Sherwood
numbers for moving and evaporating droplets as:

Nu = Nu∗ ln(1 +BT )

BT
, Sh = Sh∗ ln(1 +BM )

BM
. (29)

The introduction of Nu∗ and Sh∗ allows one to generalise Expressions for ṁd,
given by (13) and (20), to [11]:

ṁd = −2πRdDvρtotalSh∗ ln (1 +BM) , (30)

ṁd = −2πkmRd

cpv

Nu∗ ln(1 +BT ). (31)

After dividing both sides of (30) by the corresponding sides of (31) the fol-
lowing relation between BT and BM can be obtained [11]:

BT = (1 +BM )ϕ − 1, (32)

where

ϕ =

(

cpv

cpg

)(

Sh∗

Nu∗

)

1

Le
, (33)
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Le = km/(Dvρtotalcpg is the gas Lewes number but with thermal conductivity
equal to that of a mixture of air and vapour and density equal to that of a
mixture of air and vapour.

Possible modification of the model described above was suggested in [39]
(see Section 4.2.3 of [2]). The evaporation process leads to the inward move-
ment of the droplet surface (liquid/vapour interface). The effect of this move-
ment on droplet heating was considered in a series of our papers summarised
in Section 4.4 of [2]. The physical nature of this effect seems to be similar to
that of the exchange of energy when a ball hits the back of a moving lorry.
The quantitative characteristics of this exchange at the molecular level have
yet to be investigated.

The model based on the combination of the Abramzon and Sirignano
model for the gas phase [11] and the analytical solution to the heat transfer
equation for the liquid phase was extensively validated mainly based on the
experimental results obtained at the University of Lorraine (one of the latest
comparisons is presented in [40]).

Note that despite considerable progress in developing advanced models of
droplet heating and evaporation, the simplest models based on the assump-
tion that there is no temperature gradient inside droplets are still widely used
in the modelling of these processes (e.g. [41, 42, 43, 44, 45, 46, 47, 48, 49, 50,
51]). Some authors used an even simpler droplet evaporation model based on
the assumption that droplet temperature does not change over time, which
leads to the well known d2-model (e.g. [52, 53]). In [54] a modified version
of Eq. (13) was used assuming that kg/Cpg = ρtotalDv and cpg = cpv. The
validity of these assumptions is far from obvious.

3.2. Various new approaches to modelling the heating of evaporating droplets

Remembering (12) and (32), one can obtain the heat rate supplied to the
droplet to raise (or reduce) its temperature (internal energy) in the form:

q̇d = −ṁd

[

cpv(Tg − Ts)

BT
− L(Ts)

]

= −ṁd

[

cpv(Tg − Ts)

(1 +BM )ϕ − 1
− L(Ts)

]

, (34)

where q̇d > 0 when the droplet is heated. We restrict our analysis to station-

ary droplets for the time being for which ϕ =
(

cpv

cpg

)

1
Le

.

Since the pioneering paper by Abramzon and Sirignano [11], Expression
(34) has been widely used for modelling the heating of evaporating droplets,
in combination with Equation (13) for modelling droplet evaporation. An
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obvious limitation of Expression (34) is that the value of q̇d is not affected
by the thermal conductivity of liquid, which seems to contradict the physical
nature of q̇d, as discussed later in the paper.

An alternative approach to the calculation of q̇d could be based on the
analysis of temperature distribution inside droplets, inferred from the direct
analysis of convective heating of evaporated droplets (see [2] for the details).
This approach is restricted to the case when liquid thermal conductivity is
finite, which can be expected for any realistic liquid. Using this approach, q̇d

can be estimated as

q̇d = 4πR2
dkl

∂T

∂R

∣

∣

∣

∣

R=Rd−0

, (35)

where T (R) can be inferred from the analytical solution to the heat transfer
equation inside the droplet for a fixed convection heat transfer coefficient;
this solution was extensively discussed in [2]. Having substituted this solution
into (34) we obtain:

q̇d = 4πRdkl

∞
∑

n=1

{

qn exp
[

−κRλ
2
nt
]

− sinλn

|| vn ||2 λ2
n

µ0(0) exp
[

−κRλ
2
nt
]

−

− sinλn

|| vn ||2 λ2
n

∫ t

0

dµ0(τ )

dτ
exp

[

−κRλ
2
n(t− τ )

]

dτ

}

[−1 − h0] sinλn, (36)

where λn are solutions to the equation:

λ cos λ + h0 sinλ = 0, (37)

|| vn ||2= 1

2

(

1 − sin 2λn

2λn

)

=
1

2

(

1 +
h0

h2
0 + λ2

n

)

,

qn =
1

Rd || vn ||2
∫ Rd

0

T̃0(R) sin

[

λn

(

R

Rd

)]

dR,

κR =
kl

clρlR
2
d

, µ0(t) =
hTg(t)Rd

kl

,

h0 = (hRd/kl)−1, T̃0(R) = RTd0(R)/Rd. The solution to Equation (37) gives
a set of positive eigenvalues λn numbered in ascending order, (n = 1, 2, ...).

Once the value of q̇d has been found, the evaporation rate can be found
from Equation (20). Remembering the definition of BT this equation can be
rewritten as:

ṁd = −4πkgRd

cpv
ln

(

1 +
cpv(Tg − Ts)ṁd

L(Ts)ṁd − q̇d

)

. (38)
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Thus we have two approaches to modelling heating and evaporation of
stationary droplets. The first one is based on Equations (13) and (34) (con-
ventional approach originally suggested in [11], Model 1), and the approach
based on Equations (36) and (38) (Model 2). In what follows a comparative
analysis of these approaches will be presented following [55].

Expression (36) is applicable to any time step with t = 0 referring to
the beginning of the time step; t refers to the end of the time step. The
values of q̇d at the beginning of each time step are equal to the values of
q̇d at the end of the previous time step or the start of the heating process.
Hence, without loss of generality we can assume that t = 0 in Expression
(36). The values of q̇d predicted by Expression (36) were shown to coincide
within the accuracy of plotting with those predicted by Expression (35) using
the numerical differentiation of the temperature predicted by the analytical
solution to the heat transfer equation inside the droplet.

Note that in contrast to Expression (13), Equation (38) is a non-linear
equation for ṁd. It has two solutions, ṁd = 0 (non-evaporating droplet) and
ṁd < 0 (evaporating droplet), when

4πkgRd(Tg − Ts)

q̇d
> 1, (39)

and only one trivial solution ṁd = 0 (non-evaporating droplet) when Condi-
tion (39) is not satisfied.

In the limiting case when BT � 1, Equation (38) has the analytical
solution:

ṁd =
1

L(Ts)
[q̇d − 4πkgRd(Tg − Ts)] . (40)

This solution does not have physical meaning unless Condition (39) is satis-
fied. Expression (13) can still be used in this approach if

BM = (1 +BT )1/ϕ − 1. (41)

All thermodynamic and transport properties for liquid and gas were as-
sumed constant during each time step but their changes from one time step
to another due to the corresponding changes in temperature were taken into
account. The effects of thermal swelling were taken into account.

The model was applied to the analysis of heating of an evaporating n-
dodecane droplet in air at a pressure of 30 bar and temperature 700 K.
Thermodynamic and transport properties of n-dodecane are mainly taken
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Figure 1: Plots of q̇d versus time predicted by Model 1 and Model 2 for an evaporating
n-dodecane droplet heated in air at a pressure of 30 bar and temperature 700 K. The initial
droplet temperature and radius are assumed to be equal to 300 K and 10 µm respectively.
Reprinted from International Communications in Heat and Mass Transfer, Volume 57,
Sazhin et al., Two approaches to modelling the heating of evaporated droplets, Pages
353-356, Copyright Elsevier (2014).

to be the same as in [56], except for the diffusion coefficient for n-dodecane
vapour in air which was taken from [13]. The initial droplet temperature
and radius are assumed equal to 300 K and 10 µm respectively. The results
predicted by Model 2 were compared with those predicted by Model 1. In
both cases the finite thermal conductivity of liquid was taken into account.

The values of q̇d, predicted by these two approaches are shown in Fig.
1. Note that at the very final stages of droplet evaporation the values of
q̇d predicted by Model 2 became negative (although close to zero) which
eventually led to the situation where Equation (38) had no real solutions.
To avoid this situation the distribution of temperature inside droplets was
frozen at the moment when q̇d = 0. Also, at the very final stage of droplet
evaporation, the predicted droplet temperature could approach the critical
temperature and even exceed it. This was partly remedied by assuming that
once Teff has reached its minimal value it remains at this level until the
droplet fully evaporates. These assumptions are expected to produce minor
effects on the predicted surface temperatures and radii of droplets which
are not important for practical applications. The problems with modelling
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Figure 2: The same as in Fig. 1 but for droplet surface temperatures (Ts) and radii (Rd).
Reprinted from International Communications in Heat and Mass Transfer, Volume 57,
Sazhin et al., Two approaches to modelling the heating of evaporated droplets, Pages
353-356, Copyright Elsevier (2014).

droplet heating and evaporation at the final stages of droplet evaporation
when dRd/dt → ∞ were recognised in our previous studies (e.g. [57]).

As one can see from Fig. 1, the time dependence trends for q̇d, predicted by
both approaches, are rather similar, but the actual values of q̇d are noticeably
different. This difference in the values of q̇d leads to rather large differences
in the corresponding values of droplet radii and surface temperatures versus
time, as shown in Fig. 2. As follows from the latter figure, Model 2 predicts
lower droplet surface temperatures and shorter evaporation times than Model
1. Lower droplet surface temperatures predicted by Model 2 compared with
Model 1 are expected to lead to lower values of the heat fluxes at the surface
of the droplet. This is consistent with the predicted values of q̇d shown in
Fig. 1. Similar trends in time evolution of the parameters predicted by both
models allow us to use them for qualitative analysis of droplet evaporation,
but their reliability for quantitative analysis of the processes remains unclear.
One of the reasons for the differences between the predicted results might lie
in the fact that both approaches to the calculation of the evaporation rate
are based on the quasi-steady-state approximation. The limitations of this
approximation for the case of non-evaporating droplet heating were discussed
in [2].
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The model suggested and developed in [58, 59] is essentially based on
the coupled solutions to heat and mass transfer equations in the gas and
liquid phase for stationary droplets (this model was called by the authors ‘a
complete model’). This problem is rather similar to the one considered in
[2] (see Section 3.1.1). In contrast to [2], the focus of the analysis of [58, 59]
was not on finding and analysing the solutions to the coupled equations,
but on finding simplified solutions to these equations in some limiting cases.
A simplified version of the complete model, called the quasi-homogeneous
model, was developed using an asymptotic analysis in the limiting case when
the so called homogenization time (τhom, l = R2

d/αl, Rd is the droplet ra-
dius, αl is liquid diffusivity) is much less than the droplet evaporation time
[59]. The quasi-homogeneous model was further simplified to the fully quasi-
steady-state model (time dependence of the liquid surface temperature can
be ignored). A simple formula was suggested to evaluate the relative differ-
ence between the droplet evaporation times predicted by the complete model
and those predicted by the fully quasi-steady-state model. The application
of this formula together with the fully quasi-steady-state model enables one
to estimate the droplet evaporation time given by the complete model.

The models discussed so far have focused only on spherical droplets. Re-
cent developments in modelling the heating and evaporation of spheroidal
droplets are discussed in the next section.

3.3. Heating and evaporation of spheroidal droplets

The models described so far were based on the assumption that droplets
are perfect spheres. At the same time the shapes of most actually observed
droplets in engineering and environmental applications are far from spheri-
cal ([60, 61]. It is not possible to develop a general theory for heating and
evaporation of droplets of arbitrary shapes except by performing numerical
modelling for specific shapes. In most cases the effects of non-sphericity of
droplets have been investigated assuming that droplet shapes can be approx-
imated by prolate or oblate spheroids.

The heat conduction equation inside a spheroidal body (droplet) was
first (to the best of my knowledge) solved analytically more than 135 years
ago [34]. This solution, however, turned out to be too complex for most
practical applications. In most cases this problem (and the related problem of
mass transfer inside the body) has been investigated based on the numerical
solutions to the heat transfer (and mass diffusion) equations [62, 63].

20



The problem of heat/mass transfer inside spheroidal bodies, considered in
the above-mentioned papers, is complementary to the problem of heat/mass
transfer from/to ambient fluid (gas) to/from a spheroidal body, taking into
account the relative velocity between the gas and the body, in the general
case. The latter problem has been considered in numerous papers based on
the numerical solutions to momentum and heat transfer equations in the
ambient fluid (gas) in the ellipsoidal coordinate system. The analysis of
[64, 65, 66, 67, 68] was based on the assumption that the body surface was
fixed. Juncu [69] took into account changes in body temperature with time,
while assuming that there is no temperature gradient inside the body (the
thermal conductivity of the body was assumed infinitely high).

These approaches are equally applicable to solid bodies and droplets. In
the case of droplets, however, apart from heating, the evaporation processes
should also be taken into account in the general case. Grow [70] was perhaps
the first to solve the problem of heat and mass transfer in the vicinity of
spheroidal particles assuming that their relative velocities are equal to zero,
although she considered coal chars rather than droplets. One of the main
limitations of this paper is that both mass and heat transfer equations were
presented in the form of Laplace equations, which implies that the effects
of Stefan flow from the surface of the particles were ignored. The latter
effects were taken into account in the exact solutions to the mass and heat
transfer equations in the gas phase around a spheroidal droplet suggested
in [71]. In that paper it was assumed that the temperatures at all points
at the surface of a droplet are the same and constant, and the droplet’s
shape remains spheroidal. A combined problem of spheroidal droplet heating
and evaporation, similar to the one studied in [71], was considered in [72].
As in [71], the authors of [72] based their analysis on the solution to the
species conservation equation in the gas phase and assumed that the thermal
conductivity of droplets is infinitely large. In contrast to [71], the authors
of [72] took into account the relative velocities of droplets, assuming that
the dependencies of the Nusselt and Sherwood numbers on the Reynolds and
Prantle numbers are the same as those for the spherical droplets. Also, they
took into account the time dependence of droplet temperatures and sizes,
although their analysis focused on oblate droplets only.

As follows from a brief overview of the models described above, the general
problem of heating and evaporation of spheroidal droplets is far from resolved.
We believe, however, that the results presented in [71] could be considered
a starting point for constructing a model at least for spheroids which are
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only slightly deformed. The main ideas of the model described in [71] are
summarised below.

3.3.1. The Tonini and Cossali model (speroidal droplets)

The analysis of [71] focused on exact solutions to the mass and heat
transfer equations in the gas phase around a spheroidal droplet. The droplet
was assumed to be a mono-component droplet and the following steady-state
equation for the vapour mass fraction (Yv) was solved in the gas phase:

∇ (ρtotUYv − ρtotDv∇Yv) = 0, (42)

where ρtot is the density of the mixture of vapour and ambient gas, U is the
Stefan velocity of the mixture of vapour and air, Dv is the diffusion coefficient
of vapour in air.

Eq. (42) was solved in ellipsoidal coordinates ξ, u, ϕ remembering that all
processes are axially symmetric; z was chosen as the axis of symmetry. In
this case these coordinates are linked with Cartesian coordinates x, y, z by
the following equations:

x = aΦ−(ξ) sin(u) cos(ϕ)
y = aΦ−(ξ) sin(u) sin(ϕ)
x = aΦ+(ξ) cos(u)







(43)

where

Φ±(ξ) =
eξ ± s(ε)eξ

2
, s(ε) = sign(ε− 1), ε = az/ar,

2az and 2ar are the sizes of the spheroid along and perpendicular to z-axis,
respectively (ε > 1 and s = 1 for prolate spheroids, ε < 1 and s = −1 for
oblate spheroids).1 Assuming that the volume of a spheroid is equal to that
of a prefect sphere of radius R0, the following relations were obtained, valid
for both prolate and oblate spheroids:

ξ0 = ln

√

εs + 1

εs − 1
; a = R0

|1 − ε2|1/2

ε1/3
, (44)

where ξ = ξ0 corresponds to the surface of the spheroid.

1Note that in [67, 68] prolate and oblate spheroids were defined as those with ε < 1
and ε > 1 respectively; it seems that the same definition is used in Fig. 1 of [66]
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The authors of [71] solved Eq. (42) assuming that the values of Yv and all
other scalar properties are the same along the whole surface of the droplet and
equal to Yv = Yvs, and Stefan velocity and diffusive fluxes are perpendicular
to the droplet surface (U = (Uξ, 0, 0)). These assumptions allowed them to
simplify Eq. (42) to:

ρtotUξ
dYv

dξ
=

Dv

aS2

d

dξ

[

ρtotΦ−(ξ)
dYv

dξ

]

, (45)

where
S2 ≡ S2(ξ, u) = Φ−(ξ)

[

Φ2
−(ξ) cos2 u+ Φ2

+(ξ) sin2 u
]1/2

. (46)

When deriving Eq. (45) the mass conservation equation

d

dξ

[

S2ρtotUξ

]

= 0, (47)

where S2 is defined by Eq. (46), was used.
Note that Eq. (45) is different from the one on which the analysis of

[72] was based (see their Eq. (10)). The latter equation is the Laplace-type
equation which is valid only when the Stefan flow is ignored.

Note that, although in the original paper [71] Eq. (45) was derived under
the assumption that Yv is the same along the whole surface of the droplet, it
can be shown that this equation remains valid under an alternative assump-
tion, that the directions of the gradients of Yv are close to the ξ-directions.
This assumption is expected to be valid in the case when the sphericity of
the droplet ε is reasonably close to 1. The original assumption that Yv is the
same along the whole surface of the droplet implied that there is no tem-
perature gradient at the surface of the droplet, which follows from another
assumption made by [71] that droplet thermal conductivity is infinitely large.

Assuming the validity of the condition ρtot = ρv + ρa = const, and that
at large distances from the droplet Yv = Yv∞ = const, the solutions to Eqs.
(45) and (47) were obtained as [71]:

Yv = 1 − (1 − Yvs)



















(

1−Yv∞

1−Yvs

)
arctan eξ

−arctan eξ0

(π/2)−arctan eξ0
oblate

(

1−Yv∞

1−Yvs

)1−
ln(eξ+1)−ln(eξ

−1)
ln(eξ0+1)−ln(eξ0−1) prolate

(48)

dṁev

dA
= ρtotUξ(ξ0) =

ρtotDv

R0
Γ(ε) ln

1 − Yv∞
1 − Yvs

, (49)
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where

Γ(ε) =
|1 − ε2|1/2

ε1/3







1

π−2 arctan
“q

1+ε
1−ε

” oblate

1

ln
“q

1+ε
ε−1

+1
”

−ln
“q

1+ε
ε−1

+1
” prolate

(50)

dṁev

dA
is the evaporation flux. The derivation of Eq. (49) was based on the

assumption that ξ-directions near the droplet surface are close to the radial
directions, which is satisfied for spheroids with ε reasonably close to 1 (the
validity of this is assumed throughout the whole review).

In the original paper [71] it was assumed that Yvs = const. In the general
case these formulae could be applied to the case when Yvs = Yvs(u) provided
that the spheroid can be considered as a slightly deformed sphere (ε is close
to 1). This implies that the evaporation flux can be a function of u in the
general case, while in the original paper [71] this flux did not depend on
u. Also, in the original paper [71] the expression for the evaporation rate,
rather than the evaporation flux was presented. This evaporation rate could
be found only in the case when the temperatures at all point on the droplet
surface are the same. The validity of Expression (49) does not depend upon
this assumption.

The assumption ρtot = ρv + ρa = const was relaxed in [35]. The gener-
alisation of the approach suggested in [35] to the case of spheroidal droplets
has not been considered to the best of my knowledge.

The analysis of Eq. (42) in [71] was complemented by the analysis of the
heat transfer equation:

ρtotUcp∇T = kg∇2T, (51)

where cp is the specific heat capacity at constant pressure and kg is the
thermal conductivity of gas (mixture of fuel vapour and air in the general
case).

In [71], Eq. (51) was solved using assumptions and boundary conditions
similar to those which were used for the solution to Eq. (42). Namely, it was
assumed that the temperatures at all points along the droplet surface are the
same and the temperature gradients are perpendicular to the surfaces ξ =
const. These assumptions, alongside the assumption that the temperature as
a large distance from the droplet is equal to T∞ = const, allowed the authors
of [71] to simplify Eq. (51) and present its solution as:

T =
T∞ − Ts

1 − η

[

ηζ(ξ,ε) − η
]

+ Ts, (52)
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where

η = exp

[

− 1

Le
ln

1 − Yv∞
1 − Yvs

]

, (53)

ζ(ξ, ε) =











π−2 arctan(eξ)
π−2 arctan

“q

1+ε
1−ε

” oblate

ln(eξ+1)−ln(eξ−1)
ln(ε+

√
ε2−1)

prolate
(54)

Le = kg/ (ρtotcpDv) is the Lewis number.
If the assumption that Ts = const made in [71] is relaxed then η becomes

a function of u in the general case (recall that Yvs = Yvs(Ts)).
Expression (52) allows us to find the local convective heat transfer coef-

ficient h based on the following formula:

h = −

∣

∣

∣
−kg∇T |ξ=ξ0

∣

∣

∣

|T∞ − Ts|
. (55)

Although the value of h was not explicitly calculated in [71], this cal-
culation follows in a straightforward way from a previous analysis by these
authors. Hence, we consider this calculation as part of the Tonini and Cossali
model. Having substituted Expression (52) into Formula (55) the following
expression for h can be obtained:

h =
kgη

R0 (1 − η)















ε1/3

h

π−2 arctan
“q

1+ε
1−ε

”i

r

“

1
1−ε2

−sin2 u
”

oblate

ε1/3

[ln(ε+
√

ε2−1)]
r

“

1
ε2−1

−sin2 u
”

prolate
(56)

where η is defined by Expression (53).

It can be shown that the coordinate u is linked with θ = arctan
[

√

x2 + y2/z
]

by the following relation;
tan u = ε tan θ (57)

valid for both prolate and oblate spheroids.
The model described above was generalised to the case of oscillating

droplets under the assumption that the process can be considered quasi-
steady-state [73]. The model was able to predict the instantaneous and
average mass and heat transfer rates over an oscillation period. Both these
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rates were functions of the oscillating frequency and droplet deformation.
The results were compared with the predictions by the approximate model
described by Mashayek [74]. The model was able to capture different evapo-
rating mechanisms from oblate and prolate drops. It predicted an increment
in the average evaporation rate and heat transfer rate due to droplet oscil-
lation, of up to 20% for a maximum excess surface area equal to 100%. The
model was shown to be valid for small, highly volatile liquid drops, evapo-
rating in gas at high temperatures.

The results of the generalisation of the model described above to the case
of triaxial ellipsoidal droplets are presented in [75]. In this paper, a new an-
alytical model for heat and mass transfer from deformed droplets was devel-
oped, based on the solutions to the species and energy conservation equations
under steady-state conditions. Explicit equations to predict the vapour mass
fraction and temperature distribution, the local vapour flux, and heat and
evaporation rates were suggested. It was shown that the droplet deformation
enhances both the total and local mass and heat transfer. The evaporation
rate from deformed droplets, having the same volume and surface, was shown
to be at a maximum for the prolate droplet and at a minimum for the oblate
droplet, while intermediate values of evaporation rate were found for triaxial
ellipsoidal droplets. For this class of droplet shapes the local vapour flux was
found to be proportional to the fourth root of the surface Gaussian curvature.

Purely numerical investigation of fluid flow and heat transfer from heated
spheroids was conducted in [76].

The problem of heating and evaporation of non-spherical droplets in ho-
mogeneous gas is complementary to the problem of heating and evaporation
of spherical droplets but in non-homogeneous gas. In the case when this heat-
ing and evaporation takes place in the presence of a temperature gradient in
the ambient gas, the well known Marangoni effect is expected. This effect
on droplet heating and evaporation has been studied in numerous papers,
including the most recent ones [77, 78, 79].

Asymmetric liquid-liquid droplet heating in a laminar boundary layer was
considered in [80]. The analysis of these authors focused on the influences of
Weber, Prandtl, and Reynolds numbers on the system evolution. They per-
formed simulations with a coupled Eulerian-Lagrangian interface capturing
methodology, alongside a Eulerian solver for the NavierStokes equations. As
a result, they predicted the spatial and temporal evolution of the temperature
and velocity fields for the droplet and the surrounding fluid.
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4. Droplet heating and evaporation (multi-component droplets)

As in the case of Sections 2 and 3, this section will include two parts.
Firstly the models described in [2] will be briefly summarised. Secondly, the
discussion will focus on new models/results, not previously described in [2].

4.1. Background research into the modelling of multi-component droplets

All models for mono-component droplets discussed in the previous section
remain valid for multi-component droplets. In addition to the processes
considered in the previous section, however, for multi-component droplets we
need to take into account that different components evaporate at different
rates, creating concentration gradients in the liquid phase. The latter leads to
the liquid phase mass diffusion of species described by the diffusion equation
for the mass fractions of each component. The simplest form of this equation,
when only the radial diffusion is accounted for, can be presented as [2]:

∂Yl,i

∂t
= Dl

(

∂2Yl,i

∂R2
+

2

R

∂Yl,i

∂R

)

, (58)

where subscripts l and i indicate liquid phase and particular type of species
respectively. It was assumed that the diffusion coefficient Dl is the same for
all liquid components (a more rigorous approach to the calculation of this
coefficient is presented in [81]).

This equation needs to be solved subject to the boundary condition at
the surface of the droplet:

∂Yl,i

∂R

∣

∣

∣

∣

R=Rd−0

=
Dvρtotal ln (1 +BM )

DlρlRd
(Yl,i − εi) , (59)

where

εi =
Yvis
∑

i Yvis
, (60)

subscript v indicates the vapour phase. This needs to be supplemented by
the conditions at the droplet centre:

∂Yl,i

∂R

∣

∣

∣

∣

R=0

= 0 (61)

and the relevant initial conditions. Note that, as in the case of the equa-
tion for temperature inside droplets, Condition (61) can be replaced by a
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more general requirement that Yl,i(R, t) are twice continuously differentiable
functions at R ≤ Rd.

In the equilibrium state, the partial pressure of the ith vapour species at
the surface of the droplet can be found from the equation:

pv,i = γiXl,ip
∗
v,i, (62)

where Xl,i is the molar fraction of the ith species in the liquid near the
droplet surface, p∗v,i is the partial vapour pressure of the ith species in the
case when Xl,i = 1, γi is the activity coefficient. In some applications the
latter coefficient can be assumed equal to 1. In this case Equation (62) leads
to Raoult’s law:

pv,i = Xl,ip
∗
v,i. (63)

In most engineering applications, a solution to Equation (58) was not
considered and the diffusivity of species (Dl) was considered to be either in-
finitely small (multi-component droplets were modelled as mono-component
ones) or infinitely large (perfect mixing of species). As will be shown later,
both these simplified approaches can lead to unacceptably large errors in pre-
dicted droplet temperatures and droplet evaporation times compared with
the prediction of the model taking into account finite species diffusion rate
inside droplets. Where species diffusion was taken into account, this was
mainly performed based on the numerical solution to Equation (58). In con-
trast to this approach, in a series of our papers, the results of which are
summarised in [2], a new approach to this problem based on the analytical
solution to (58), subject to boundary condition (59), was suggested. Assum-
ing that Rd = const, this solution for a short time step, subject to the initial
condition Yli(t = 0) = Yli0(R) was obtained in the form [2]:

Yli = εi +
1

R

{[

exp

[

Dl

(

λ0

Rd

)2

t

]

[qY i0 −QY 0εi] sinh

(

λ0
R

Rd

)

+
∞
∑

n=1

[

exp

[

−Dl

(

λn

Rd

)2

t

]

[qY in −QY nεi] sin

(

λn
R

Rd
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, (64)

where λ0 and λn (n ≥ 1) are solutions to equations

tanh λ = − λ

hY 0
and tanλ = − λ

hY 0
,
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respectively, hY 0 = −
(

1 + αmRd

Dl

)

,

QY n =







− 1
||vY 0||2

(

Rd

λ0

)2

(1 + hY 0) sinhλ0 when n = 0

1
||vY n||2

(

Rd

λn

)2

(1 + hY 0) sinλn when n ≥ 1
(65)

qY in =
1

||vn||2
∫ Rd

0

RYli0(R)vY n(R)dR, (66)

n ≥ 0,

vY 0(R) = sinh

(

λ0
R

Rd

)

, vY n(R) = sin

(

λn
R

Rd

)

, n ≥ 1,

||vY 0||2 =

∫ Rd
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]

, (67)

||vY n||2 =

∫ Rd

0

v2
Y n(R)dR =

Rd

2

[

1 +
hY 0

h2
Y 0 + λ2

n

]

, n ≥ 1, (68)

Ylis = Ylis(t) are liquid components’ mass fractions at the droplet’s surface,

αm =
|ṁd|

4πρlR2
d

= const. (69)

In the case of moving droplets, the distribution of mass fractions of species
can be described by the same Solution (64), but with Dl replaced by the
effective diffusivity Deff defined as:

Deff = χYDl, (70)

where the coefficient χY can be approximated as:

χY = 1.86 + 0.86 tanh
[

2.225 log10

(

Red(l)Scl/30
)]

, (71)

Scl = νl/Dl is the liquid Schmidt number, νl is the liquid kinematic viscosity.
As in the case of keff , liquid fuel transport properties and the liquid velocity
just below the droplet surface were used to calculate Red(l). The model based
on Equations (70) and (71) is known as the Effective Diffusivity (ED) model.
The model, based on the assumption that species diffusivity is infinitely fast
(Deff = ∞) is referred to as the Infinite Diffusivity (ID) model.
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As in the case of the heat transfer equation inside droplets, Solution (64)
was generalised to the case of time-dependent droplet radii during the time
step. Also, as in the case of mono-component droplets, the model based on
Solution (64) was validated based on the experimental results obtained at
the University of Lorraine (see [40]).

The model based on Equation (58) or its solution (64) is known as the
Discrete Component Model (DCM). It is typically applicable only in the case
when the number of components in the droplets is small which is not the case
in most realistic fuels, including automotive fuels. An alternative approach
is based on the probabilistic analysis of a large number of components (e.g.
Continuous Thermodynamics approach and the Distillation Curve Model).
In this family of models a number of additional simplifying assumptions were
used, including the assumption that species inside droplets mix infinitely
quickly. The limitations of this assumption will be discussed later in the
analysis.

A new approach to modelling heating and evaporation of multi-component
droplets, suitable for the case when a large number of components is present
in the droplets, was suggested in [82, 56]. In contrast to the previously sug-
gested models, designed for large numbers of components, the new model
takes into account the diffusion of liquid species and thermal diffusion as in
the classical Discrete Component Models. This model was called the quasi-
discrete model. As in the case of the Continuous Thermodynamics approach,
the quasi-discrete model is based on the distribution function with respect
to a particular property. This function was approximated as:

fm(n) = Cm(n0, nf )
(M(n) − γ)α−1

βαΓ(α)
exp

[

−
(

M(n) − γ

β

)]

, (72)

where n0 ≤ n ≤ nf , subscripts 0 and f stand for initial and final (the smallest
and the largest values of n (carbon number)), M is the molar mass, Γ(α) is
the Gamma function, α and β are parameters that determine the shape of
the distribution, γ determines the original shift,

Cm(n0, nf ) =

{

∫ nf

n0

(M(n) − γ)α−1

βαΓ(α)
exp

[

−
(

M(n) − γ

β

)]

dn

}−1

. (73)

This choice of Cm assures that
∫ nf

n0

fm(n)dn = 1.
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Assuming that fuel includes only alkanes, M (in kg/kmole) and n can be
linked by the following expression:

M = 14n + 2. (74)

As follows from the analysis presented in [2], the transport and thermo-
dynamic properties of alkanes are weak functions of n. In this case, one can
assume that their properties in a certain narrow range of n are close, and
replace the continuous distribution (72) with a discrete one, consisting of Nf

quasi-components with carbon numbers

nj =

∫ nj

nj−1
nfm(n)dn

∫ nj

nj−1
fm(n)dn

, (75)

and molar fractions

Xj =

∫ nj

nj−1

fm(n)dn, (76)

where j is an integer in the range 1 ≤ j ≤ Nf . The choice of nj can be
arbitrary. In our model we assume that all nj − nj−1 are equal, i.e. all
quasi-components have the same range of values of n. For the case when
Nf = 1 the analysis of multi-component droplets is reduced to that of mono-
component droplets. These new quasi-components are not the actual physical
hydrocarbon components (nj are not integers in the general case). Hence,
this model is called the quasi-discrete model. These quasi-components are
treated as actual components in the conventional Discrete Component Model
(DCM), including taking into account diffusion of liquid species in droplets.
This model is expected to be particularly useful when Nf is much less than
the number of actual species in the hydrocarbon mixture. All thermodynamic
and transport properties of quasi-components were determined for n = nj.
For example, partial pressures of individual quasi-components were estimated
as (Raoult’s law is assumed to be valid):

pv(nj) = Xlsi(nj)p
sat(nj), (77)

where Xlsi is the molar fraction of liquid quasi-components at the surface of
the droplet.

The main limitation of the quasi-discrete model is that it is based on
the assumption that fuels consist only of alkanes. The same model could be
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applied to the case when alkanes are replaced by another family of compo-
nents. It cannot, however, be directly applied to the case of most realistic
fuels, for which the contributions of various groups of components should be
taken into account. This can be done in the generalised version of the quasi-
discrete model, called the Multi-dimensional Quasi-discrete Model which will
be considered later in this section.

Chen et al. [83] compared the predictions of three heat and mass trans-
fer models: the ITC/ID model (khown as the well-mixed (WM) model), the
frozen evaporation (FZ) model and the DC ETC/ED model (referred to as
the diffusion controlled (DC) model) for multi-component droplet heating
and evaporation. For the frozen evaporation (FZ) model, at any time in
the evaporation, the temperature and the composition of the droplets were
equal to their initial values. The test fuels were mixtures of n-decane (a
surrogate fuel for kerosene) and alcohol (ethanol or butanol) with differing
volumetric ratios. The predictions of the models were validated against ex-
perimental data. The ITC/ID model was shown to be suitable for predicting
slow evaporation processes with low injection pressures.

Despite the progress in the development of the models for heating and
evaporation of multi-component droplets, the ITC/ID model is still widely
used for modelling these processes (e.g. [84]). The results of recent experi-
mental studies of heating and evaporation of multi-component droplets are
discussed in [85, 86, 87].

Note that the approaches to modelling heating and evaporation of multi-
component droplets, discussed above, are different from the ones used for
modelling heating and evaporation of droplets containing insoluble particles
or saline water droplets. See [88, 89, 90, 91, 92, 93, 94] for a discussion of
the latter problems.

Another problem with modelling multi-component droplets, that is be-
yond the scope of this review, is modelling micro-explosions in droplets, which
is defined as the sudden evaporation of water droplets inside the continuous
phase (see [95, 96, 97, 98] for further details).

The discussion of the new models/results, not previously described in [2],
will focus on the application of the Discrete Component Model to biodiesel
fuels (Section 4.2) and the description of the new Multi-dimensional Quasi-
discrete Model and its application to Diesel (Section 4.3) and gasoline (Sec-
tion 4.4) fuels. Recent developments in gas phase evaporation models for
multi-component droplets are discussed in Section 4.5.
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Table 1: Types of biodiesel fuels, their abbreviations, acid codes and molar fractions of the
components (pure methyl esters). Symbols M for the acid codes are omitted. Reprinted
from Fuel, Volume 154, Al Qubeissi et al., Modelling of biodiesel fuel droplet heating and
evaporation: Effects of fuel composition, Pages 308-318, Copyright Elsevier (2015).

4.2. Discrete Component Model: application to biodiesel fuel droplets

The preliminary results of modelling biodiesel fuel droplet heating and
evaporation, using the Discrete Component Model, were presented in [99].
The analysis of that paper was based on only five types of biodiesel fuel and
it was concluded that the predictions of the Discrete Component Model are
very close to those based on the assumption that biodiesel fuel can be ap-
proximated by a single component with averaged characteristics (the droplet
evaporation times predicted by these models differed by less than about 5.5%
for typical Diesel engine-like conditions). In [100], an analysis, similar to the
one presented in [99], is performed but for a much wider range of biodiesel
fuels (19 types altogether) and more realistic engine conditions. In what
follows the main results obtained in [100] are presented and discussed.

The following types of biodiesel fuels were used in [100]: Tallow Methyl
Ester (TME), Lard Methyl Ester (LME), Butter Methyl Ester (BME), Co-
conut Methyl Ester (CME), Palm Kernel Methyl Ester (PMK), Palm Methyl
Ester (PME), Safflower Methyl Ester (SFE), Peanut Methyl Ester (PTE),
Cottonseed Methyl Ester (CSE), Corn Methyl Ester (CNE), Sunflower Methyl
Ester (SNE), Tung Methyl Ester (TGE), Hemp-oil Methyl Ester, produced
from Hemp seed oil in the Ukraine (HME1), Soybean Methyl Ester (SME),
Linseed Methyl Ester (LNE), Hemp-oil Methyl Ester, produced in the Eu-
ropean Union (HME2), Canola seed Methyl Ester (CAN), Waste cooking-oil
Methyl Ester (WME) and Rapeseed Methyl Ester (RME). The molar frac-
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Table 2: Names, acid codes, molecular formulae, molar masses and boiling points of the
components (pure methyl esters). Reprinted from Fuel, Volume 154, Al Qubeissi et al.,
Modelling of biodiesel fuel droplet heating and evaporation: Effects of fuel composition,
Pages 308-318, Copyright Elsevier (2015).
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tions of the components of these fuels (in percentages) are shown in Table 1.
The meaning of symbols of components, presented in Table 1, and their acid
codes, molecular formulae, molar masses and boiling temperatures are shown
in Table 2. The transport and thermodynamic properties of all components
shown in Tables 1 and 2 were taken from Appendix B of [99]. The properties
of unidentified additives (others) were assumed to be identical to those of
C18:1M .

The predictions of the following models were compared:
(1) a model taking into account the contributions of all components of

biodiesel fuels, their realistic diffusion, temperature gradient, and recircula-
tion within the droplet, in the case of moving droplets (using the Effective
Thermal Conductivity/Effective Diffusivity (ETC/ED) model); this model
is referred to as the ‘ME’ model;

(2) a model taking into account the contribution of all components of
biodiesel fuels, but assuming that the diffusivity of species in droplets is
infinitely fast and the liquid thermal conductivity is infinitely large (using
the Infinite Thermal Conductivity/Infinite Diffusivity (ITC/ID) model); this
model is referred to as the ‘MI’ model;

(3) a model ignoring transient diffusion of species (treating all species as a
single component with properties depending only on temperature, which was
updated at each time step) and assuming that the liquid thermal conductivity
is infinitely large (ITC model); this model is referred to as the ‘SI’ model.

The initial droplet radius is assumed equal to Rd0= 12.66 µm. A droplet
of initial temperature Td0 = 360 K is assumed to be moving through air at
constant velocity of Ud = 28 m/s. Ambient temperature and pressure are
assumed equal to 700 K and 3.2 MPa respectively.

The plots of time evolution of droplet surface temperature (Ts) and radius
(Rd) for Butter Methyl Ester (BME) are presented in Fig. 3. As one can see
from this figure, the ME model predicts longer evaporation times compared
with the MI and SI models. This error for the SI model was found to be
25.2%. The importance of this result lies in the fact that it contradicts
one of the main conclusions drawn in our previous paper [99], based on the
analysis of Palm Methyl Ester, Hemp Methyl Esters, Rapeseed oil Methyl
Ester, and Soybean oil Methyl Ester. In [99] it was concluded that the
droplet evaporation times predicted by the SI model differ by less than about
5.5% (note that the analysis of [99] was based on different values of input
parameters compared with the current paper).

To provide a deeper understanding of the processes taking place during
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Figure 3: The plots of time evolution of a droplet’s surface temperature (Ts) and radius
(Rd) for Butter Methyl Ester (BME) predicted by the multi-component ETC/ED model
(ME), single-component (zero diffusivity)/ITC model (SI), and multi-component ITC/ID
model (MI). The droplet is assumed to have initial radius 12.66 µm and is moving at 28
m/s in still air at temperature and pressure equal to 700 K and 3.2 MPa, respectively.
Reprinted from Fuel, Volume 154, Al Qubeissi et al., Modelling of biodiesel fuel droplet
heating and evaporation: Effects of fuel composition, Pages 308-318, Copyright Elsevier
(2015).
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Figure 4: The plots of time evolution of surface mass fractions of C8:0M, C12:0M, C14:0M,
C16:0M, C18:0M and C22:1M for a Butter Methyl Ester (BME) droplet for the same
conditions as in Fig. 3. Reprinted from Fuel, Volume 154, Al Qubeissi et al., Modelling of
biodiesel fuel droplet heating and evaporation: Effects of fuel composition, Pages 308-318,
Copyright Elsevier (2015).

Figure 5: The plots of mass fractions of C12:0M and C22:1M versus normalised distance
from the droplet centre at three time instants 0.03 ms, 0.5 ms and 1 ms for a Butter Methyl
Ester (BME) droplet for the same conditions as in Figs. 3-4. Reprinted from Fuel, Volume
154, Al Qubeissi et al., Modelling of biodiesel fuel droplet heating and evaporation: Effects
of fuel composition, Pages 308-318, Copyright Elsevier (2015).
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Figure 6: The plots of temperature versus normalised distance from the droplet centre at
four time instants 0.03 ms, 0.3 ms, 0.5 ms and 1 ms for a Butter Methyl Ester (BME)
droplet for the same conditions as in Figs. 3-5. Reprinted from Fuel, Volume 154, Al
Qubeissi et al., Modelling of biodiesel fuel droplet heating and evaporation: Effects of fuel
composition, Pages 308-318, Copyright Elsevier (2015).

biodiesel fuel droplet heating and evaporation, in Figs. 4-6 we presented the
plots of surface mass fractions of selected components versus time, the plots
of mass fractions of selected components versus normalised distance from the
droplet centre at various time instants and temperatures versus normalised
distance from the droplet centre at various time instants for Butter Methyl
Ester (BME). As follows from Fig. 4, the surface mass fractions of the light-
est components (C8:0M, C12:0M and C14:0M) monotonically decrease with
time. The surface mass fraction of the heaviest component (C22:1M) mono-
tonically increases with time. The surface mass fractions of the intermediate
components (C16:0M and C18:0M) first increase and then decrease with time.
At the end of the evaporation process, only the heaviest and least volatile
component remains at the droplet surface. This component is responsible
for prolonged droplet lifetime predicted by the ME model compared with
the SI model, and higher surface temperatures at the final stage of droplet
evaporation.

As one can see from Fig. 5, the decrease in the surface mass fraction
of one of the lightest components (C12:0M) with time is accompanied by a
corresponding decrease in the mass fraction of this component in the body of
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the droplet. The rate of this decrease, however, reduces in the regions close to
the droplet centre. Thus a negative gradient for this mass fraction is formed
inside the droplet, which leads to the diffusion of this component from the
droplet centre to its surface. As can be inferred from the same figure, the
increase in the surface mass fraction of the heaviest components (C22:1M)
with time is accompanied by a corresponding increase in the mass fraction of
this component in the body of the droplet, although the rate of this increase
reduces in the regions close to the droplet centre. Thus positive gradients for
this mass fraction are formed inside the droplet, which lead to the diffusion
of this component from the droplet surface to its centre. This leads to the
formation of a droplet consisting mainly of the heaviest component (C22:1M)
at the end of the evaporation process. One can clearly see from Fig. 5 that
gradients of mass fractions of the components inside the droplet are initially
small but increase with time. This observation shows the limitations of the
well-mixed models, including the MI model, widely used for the analysis of
multi-component droplet heating and evaporation.

As one can see from Fig. 6, at the initial stage of droplet heating and
evaporation (0.03 ms after the start of the process) rather large gradients of
temperature inside the droplet close to the droplet surface are formed. In
contrast to the case of species molar fractions, however, the gradients of tem-
perature inside droplets decrease with time. These gradients are reasonably
small at 1 ms after the start of the process. This means that the Infinite
Thermal Conductivity model can be applied to the analysis of droplet heat-
ing and evaporation, except at the very beginning of the process, when high
accuracy of calculations is not required.

The general shapes of the curves, but for other biodiesel fuels show the
same trends as in Figs. 4-6. To summarise the results for all biodiesel fuels
under consideration, we were able to show that the SI model under-predicts
the droplet evaporation times compared with the ME model (believed to be
the most reliable one) by up to about 26%. This result does not support our
earlier finding that the deviations between the evaporation times predicted by
these models do not exceed about 5.5%. The evaporation times predicted by
the MI model were shown to be reasonably close to those predicted by the first
model. The MI model under-predicts this time by not more than 4.3% except
for Rapeseed Methyl Ester (RME) for which the under-prediction was 15.1%.
The multi-component model predicts higher droplet surface temperatures
at the final stages of evaporation (in most cases) and longer evaporation
times than the single component model. This is related to the fact that at
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the final stages of droplet evaporation the mass fraction of heavier species,
which evaporate more slowly than the lighter species and have higher boiling
temperatures, increases at the expense of lighter species.

The analysis presented in this section has focused predominantly on the
functionality testing of the models and no direct comparison between the
modelling and experimental results was presented.

The evaporation characteristics of a Palm Methyl Ester (PME) droplet
were investigated in [101]. It was shown that PME droplets tend to evaporate
much more slowly than Diesel fuel droplets in the same conditions.

4.3. Multi-dimensional Quasi-discrete Model: application to Diesel fuel droplets

4.3.1. Description of the model

Although the usefulness and efficiency of the quasi-discrete model, de-
scribed in Section 4.1, was clearly demonstrated, this model still has a num-
ber of serious limitations the most important of which is that it is based on
the assumption that Diesel and gasoline fuels consist only of n-alkanes. At
the same time, the total molar fraction of alkanes (n-alkanes and iso-alkanes)
is only about 40% of the overall composition of Diesel fuels (a similar con-
clusion could be drawn for gasoline fuel). Hence, the contribution of other
components apart from alkanes cannot be ignored. Also, even if we restrict
our analysis to alkanes alone, it does not appear to be easy to approximate
this distribution with a reasonably simple distribution function fm(n), sim-
ilar to the one given by Expression (72). In [102], the quasi-discrete model
was generalised to address both these problems. A realistic composition of
Diesel fuels, schematically shown in Fig. 7, reproduced from Fig. 1 of [103],
was used in the analysis presented in [102]. In what follows the main features
of the model described in [102], called the Multi-dimensional Quasi-discrete
Model (MDQDM), are summarised.

The results presented in Fig. 7 were simplified, taking into account that
the properties of n-alkanes and iso-alkanes are rather close. Observing that
the contributions of tricycloalkanes, diaromatics and phenanthrenes to Diesel
fuel are rather small (less than about 1.6% for each of these components) al-
lows us to ignore the dependence of the properties of these components on
the number of carbon atoms and replace these three groups with three com-
ponents, tricycloalkane, diaromatic and phenanthrene, with arbitrary chosen
carbon numbers. The molar fraction of tricycloalkanes was estimated to be
1.5647%, while the molar fractions of diaromatics and phenanthrenes were
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Figure 7: Distribution functions of various hydrocarbons versus the numbers of carbon
atoms in molecules in a representative sample of Diesel fuel. Reprinted from Fluid Phase
Equilibria, Volume 356, Gun’ko et al., A quantum chemical study of the processes during
the evaporation of real-life Diesel fuel droplets, Pages 146-156, Copyright Elsevier (2013).
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Table 3: The relation between parameter m and groups (m = 1-6) and components (m =
7-9). Reprinted from Fuel, Volume 154, Sazhin et al., A multi-dimensional quasi-discrete
model for the analysis of Diesel fuel droplet heating and evaporation, Pages 238-266,
Copyright Elsevier (2014).

estimated to be 1.2240% and 0.6577%, respectively. Transport and thermo-
dynamic properties of the components are summarised in Appendices 1-7 of
[102] (for most recent estimates of pressures and temperature dependence of
volume and viscosity of Diesel fuels see [104]).

In the Multi-dimensional Quasi-discrete Model the focus is shifted from
the analysis of the distribution function to the direct analysis of molar frac-
tions of the components. These are described by the matrix Xnm, where
n refers to the number of carbon atoms, and m refers to the groups (e.g.
alkanes) or individual components (tricycloalkane, diaromatic and phenan-
threne). The link between the values of m and the components is shown in
Table 3.
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For each m the values of njm of quasi-components were introduced as

n1m =
P

n=n(ϕm+1)m
n=n1m (nXnm)

P
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n=n1m

Xnm
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P
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(78)

where n1m=nm(min) is the minimal value of n for whichXnm 6= 0, nkm=nm(max)

is the maximal value of n for whichXnm 6= 0, ` = integer ((km + ϕm)/(ϕm + 1)).
Parameter ϕm is assumed to be integer; ϕm + 1 is equal to the number of
components to be included into quasi-components, except possibly the last
one in the group. ϕm is assumed to be the same for all quasi-components
within group m. If ϕm = 0 then ` = km and the number of quasi-components
is equal to the number of actual components. ϕm and km depend on m in
the general case.

An alternative approach to generation of njm, used in [102], is based on
the selection of the number of quasi-components nq. In this case the number
of components in each quasi-component, except possibly the last one, (nc),
is taken equal to the nearest integer of the ratio km/nq. If km/nq is not an
integer then the number of components in the last quasi-component (nlc) is
either greater than nc, if (km/nq) > nc, or less than nc, if (km/nq) ≤ nc.

As in the case of the original quasi-discrete model, nim are not integers
in the general case. Due to the additional dimensions introduced by the
subscript m in Equation (78), the new model is called the Multi-dimensional
Quasi-discrete Model (MDQDM). MDQDM can be further simplified and
approximated by the single-component model. The maximal number of these
quasi-components/components, providing the most accurate approximation
of Diesel fuel, is 98. In this case, the new model reduces to the conventional
Discrete Component Model (DCM). The quasi-components in the MDQDM
are treated in the same way as the quasi-components in the conventional
quasi-discrete model. Also, the temperature gradient and quasi-components’
diffusion inside droplets are taken into account as in the quasi-discrete model.
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Figure 8: The plots of the droplet surface temperatures Ts and radii Rd versus time for
four approximations of Diesel fuel composition (see the text of the paper). Reprinted from
Fuel, Volume 154, Sazhin et al., A multi-dimensional quasi-discrete model for the analysis
of Diesel fuel droplet heating and evaporation, Pages 238-266, Copyright Elsevier (2014).

In [102] it was investigated by how much the latter number can be re-
duced, provided that the errors introduced by this reduction are acceptable
for practical engineering applications. Some key findings of this paper are
summarised in the next section.

4.3.2. Application of the model to Diesel fuel

In [102] the model described in Section 4.3.1 was applied to the analysis
of heating and evaporation of a droplet with initial radius Rd0 = 10 µm in
air with density, temperature and pressure equal to: ρa = 11.9 kg/m3, Ta =
880K, pa = 30bar.

The plots of the droplet surface temperatures Ts and radii Rd versus
time for a stationary droplet and four approximations of Diesel fuel com-
position are shown in Fig. 8. These are the approximations used: the con-
tributions of all 98 components are taken into account (indicated as (98));
the contributions of only 20 alkane components are taken into account (stan-
dard approximation used in the original quasi-discrete model (indicated as
(20A)); the contribution of all 98 components is approximated by a single
quasi-component (indicated as (S)); and the contributions of only 20 alkane
components are taken into account and these are approximated by a single
quasi-component with the average value of the carbon number (C14.763H31.526;
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indicated as (SA)). In the cases when only the contribution of alkanes was
taken into account, the mass fractions of the components were recalculated to
ensure that the total mass fractions of all alkanes were equal to 1. The same
applies to the cases when other components are removed from the analysis.

As follows from Fig. 8, the approximation of 98 actual components by a
single quasi-component leads to a noticeable under-estimation of the droplet
surface temperature, and an under-estimation of the evaporation time by
about 17%. In the case when Diesel fuel was approximated by 20 alkane com-
ponents, the predicted droplet surface temperatures appeared to be higher
and the evaporation time shorter by about 23% than in the case of approxi-
mation of Diesel fuel by 98 components. This means that the approximation
of Diesel fuel by alkanes, a widely used assumption in the modelling of Diesel
fuels, leads to results which are less accurate, compared with the approx-
imation of Diesel fuel by a single quasi-component. The approximation of
Diesel fuel by a single alkane quasi-component (C14.763H31.526) leads to under-
prediction of the evaporation time by about 37% which is not acceptable even
for qualitative analysis of the process. This leads us to question the validity
of the results of numerous papers where Diesel fuel was approximated by a
single alkane component (n-dodecane in most cases).

Note that in all cases shown in Fig. 8 the droplet surface temperatures
keep increasing with time until the droplets evaporate. This is consistent
with our earlier studies of this process (e.g. [2]). This result questions the
applicability of the assumption that the droplet surface temperature remains
constant during the evaporation process which is widely used in simplified
models of this process (see Section 3.1). The well known d2-law is implicitly
based on this assumption (see [2]).

The plots of the droplet surface temperatures Ts and radii Rd versus time
for the same conditions as in Fig. 8 but for a wider range of approximations
of Diesel fuel are shown in Figs. 9 and 10. Only the final stage of droplet
heating and evaporation is shown in these figures.

As one can see from Figs. 9 and 10, the plots S and S7 (ignoring the con-
tribution of diaromatic and phenanthrene) for surface temperatures and radii
are almost indistinguishable. Also, plots 9 and 7 (ignoring the contribution
of diaromatic and phenanthrene) are rather close. The same applies to plots
23 and 21 (ignoring the contribution of diaromatic and phenanthrene). This
means that the contribution of diaromatic and phenanthrene can be safely
ignored in the approximation of Diesel fuel when modelling the heating and
evaporation of fuel droplets in realistic Diesel engine-like conditions. Both
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Figure 9: The plots of the droplet surface temperatures Ts versus time for ten approx-
imations of Diesel fuel composition: 98 components (indicated as (98)); 23, 21, 17, 15,
12, 9 and 7 quasi-components/components (numbers near the curves); the contributions
of all groups are approximated by single quasi-components, to which the contribution of
tricycloalkane is added, leading to 7 quasi-components/components (indicated as (S7));
the contribution of all 98 components is taken into account as that of a single component
as in the case shown in Fig. 8 (indicated as (S)) (see the details in the text of [102]); the
contributions of only 20 alkane components are taken into account and these are treated
as a single component, with the average value of the carbon number (C14.763H31.526; in-
dicated as (SA)). The same ambient conditions and model as in the case shown in Fig. 8
were used for the analysis; only the final stage of droplet heating and evaporation is shown.
Reprinted from Fuel, Volume 154, Sazhin et al., A multi-dimensional quasi-discrete model
for the analysis of Diesel fuel droplet heating and evaporation, Pages 238-266, Copyright
Elsevier (2014).
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Figure 10: The same as Fig. 9 but for the droplet radii Rd. Reprinted from Fuel, Volume
154, Sazhin et al., A multi-dimensional quasi-discrete model for the analysis of Diesel fuel
droplet heating and evaporation, Pages 238-266, Copyright Elsevier (2014).

for droplet surface temperatures and radii, the accuracy of approximations
improves as the number of QC/Cs increases. In the case of 15 QC/Cs the
droplet evaporation time can be estimated with an error of about 2.5%. In
the case of 21 QC/Cs, this error reduces to about 1.5%. This error is com-
parable with that for the approximation of Diesel fuel with 40 QC/Cs. Thus
when balancing simplicity with accuracy of the model we can recommend
the approximation of Diesel fuel with 21 QC/Cs if errors less than about 2%
can be tolerated. This number of QC/Cs can be reduced to 15 if errors less
than about 3% can be tolerated. The latter model requires about 6 times less
CPU time compared with the model taking into account the contributions
of all 98 components.

4.4. Multi-dimensional Quasi-discrete Model: application to gasoline fuel
droplets

The application of the Multi-dimensional Quasi-discrete Model to gasoline
fuel droplets is described in [105]. The main results presented in this paper
are summarised in this section.

The analysis of [105] focused on FACE-C gasoline fuel (Fuel for Advanced
Combustion Engines – C) droplets. Composition of this fuel was simplified
by replacing groups of similar components with single components (with
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Figure 11: The droplet surface temperatures Ts and radii Rd versus time for the cases
when: 1) the contributions of all 20 components are taken into account using the ETC/ED
model (ME); 2) the contribution of 20 components are taken into account using the ITC/ID
model (MI); 3) the 20 components are approximated by a single component with average
thermodynamic and transport properties in combination with the ITC model (SI); 4)
gasoline fuel is approximated by iso-octane in combination with the ITC model (IO).
Reprinted from Fuel, Volume 159, Al Qubeissi et al., Modelling of gasoline fuel droplets
heating and evaporation, Pages 373-384, Copyright Elsevier (2015).

averaged properties, based on averaged molar weights; or the ones with the
highest molar contributions in the groups with molar fractions up to 1.5%).
This approach allowed the authors of [105] to reduce the number of species
in gasoline fuel to 20 components. These components were allocated to 3
groups, n-alkanes (5 components), iso-alkanes (8 components), and aromatics
(4 components); and 3 components approximating groups with small molar
fractions (indanes/naphthalenes, cycloalkanes and olefins).

The model was applied to modelling FACE-C droplet heating and evap-
oration in typical gasoline engine conditions. The initial droplet radius and
temperature were taken equal to 12 µm and 296 K, respectively. The droplet
relative velocity was assumed to be fixed and equal to 24 m/s. Ambient
air (gas) pressure and temperature were assumed equal to p = 9 bar and
Tg = 545 K, respectively.

The plots of the droplet surface temperatures Ts and radii Rd versus time
for FACE-C gasoline fuel droplet heating and evaporation are presented in
Fig. 11. Four cases are shown in this figure: 1) the contributions of all 20
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Figure 12: The same as Fig. 11 but for the cases when the ETC/ED model was used
taking into account the contributions of all 20 components of gasoline fuel (indicated
as ME) and assuming that these components are approximated by 15, 11 and 7 quasi-
components/components (QC/Cs) (numbers are indicated near the plots). Reprinted
from Fuel, Volume 159, Al Qubeissi et al., Modelling of gasoline fuel droplets heating
and evaporation, Pages 373-384, Copyright Elsevier (2015).

components are taken into account using the ETC/ED model (indicated as
(ME)); 2) the contributions of 20 components are taken into account using
the ITC/ID model (indicated as (MI)); 3) the thermodynamic and transport
properties of 20 components are averaged to form a single component and
temperature gradient inside the droplet is ignored (ITC model) (indicated
as (SI)); and 4) the ITC model in which gasoline fuel is approximated by
iso-octane (2,2,4-trimethylpentane; indicated as (IO)) is used. As one can
see from Fig. 11, the errors in droplet surface temperatures and evaporation
times, predicted by the SI model are 13.6% and 67.5%, respectively. For the
IO model these errors reduce to 6.3% and 47.1%, respectively, and reduced
further to 4.8% and 8%, respectively, when the MI model was used. Although
the accuracy of the latter model might be acceptable in some engineering
applications, this model cannot describe adequately the underlying physics
of the processes inside droplets (heat conduction and species diffusion).

The same plots as in Fig. 11 but for the cases when 20 components
of gasoline fuel are approximated by 15 (3 QC/Cs of n-alkanes, 6 QC/Cs
of iso-alkanes, 3 QC/Cs of aromatics, 1 indane/naphthalene, 1 cycloalkane
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and 1 olefin), 11 (2 QC/Cs of n-alkanes, 4 QC/Cs of iso-alkanes, 2 QC/Cs
of aromatics, 1 indane/naphthalene, 1 cycloalkane and 1 olefin) and 7 (2
QCs of alkanes, 3 QC/Cs of iso-alkanes, and 2 QC/Cs of aromatics) QC/Cs,
using the ETC/ED model, are shown in Fig. 12. As can be seen from this
figure, the errors in surface temperatures and evaporation times predicted
by the model using 15 QC/Cs are 0.3% and 1.3%, respectively. These errors
increase to 0.5% and 4%, respectively, when gasoline fuel is approximated
by 11 QC/Cs, and further increase to 0.8% and 6.4%, respectively, when
gasoline fuel is approximated by 7 QC/Cs. Even in the latter case, however,
these errors can be tolerated in some practical engineering applications. This
model is more accurate than the MI model, and it describes adequately the
underlying physics of the processes in droplets.

Also, it was shown that the approximation of the actual composition of
gasoline fuel by 6 quasi-components/components (2 QCs of n-alkanes, 2 QCs
of iso-alkanes, and 2 QCs of aromatics), using the MDQD model, leads to
errors in estimated droplet surface temperatures and evaporation times of
about 0.9% and 6.6% respectively, for the same engine conditions, which can
be tolerated in many practical engineering applications. It was shown that
the application of the latter model leads to about 70% reduction in CPU
time compared to the model taking into account the contributions of all 20
components of gasoline fuel.

Note that the original version of the Multi-dimensional Quasi-discrete
Model (MDQDM) was specifically designed to model Diesel and gasoline
fuel droplet heating and evaporation but not their ignition characteristics.
Several surrogates of these fuels have been developed, specifically to model
their ignition characteristics, but none of these surrogates proved suitable
for modelling fuel droplet heating and evaporation [106] (the applicability of
the recently developed surrogates (see [107, 108, 109, 110, 111]) to modelling
multi-component fuel droplet heating and evaporation has not yet been in-
vestigated). A new formulation of physical surrogates of FACE-A gasoline
fuel, based on heating and evaporation characteristics, was suggested in [112].
These surrogates were developed using an approach similar to that used in the
development of the MDQDM, and were shown to be suitable for modelling
both heating and evaporation of fuel droplets and the ignition characteristics
of a fuel vapour/air mixture. The main ideas of the model developed in [112]
are summarised below.

The analysis of [112] focused on FACE-A gasoline fuel. Firstly, four sur-
rogates of FACE-A found in the literature were considered. These surrogates
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Table 4: Mass fractions (in %) of three new ‘physical’ surrogates of FACE-A gasoline
fuel. Reprinted from Fuel, Volume 176, Elwardany et al., A new formulation of physical
surrogates of FACE-A gasoline fuel based on heating and evaporation characteristics, Pages
56-62, Copyright Elsevier (2016).

include the five component surrogate chosen for its ability to match the ig-
nition delay time of the FACE-A gasoline fuel (called Surr1), the primary
reference fuel surrogate (PRF84) that matches the research octane number
(RON) of FACE-A, the one that matches hydrogen-to-carbon ratio (H/C),
RON, density and distillation curve with FACE-A (Surr2), and the one that
matches the RON based on molar fraction linear blending (Surr3). It was
shown that these surrogates cannot predict adequately the time evolution of
surface temperatures and radii of FACE-A droplets. New ‘physical’ surro-
gates with 8, 7 and 6 components (Surr4, Surr5, and Surr6) were introduced
to match the heating and evaporation characteristics of these droplets.

FACE-A gasoline fuel has the following mass fractions for the groups
of components: 10.57% n-paraffins, 86.12% iso-paraffins, 0.37% aromatics,
2.49% naphthalenes and 0.45% olefins which represented 66 components. To
design surrogates Surr4, Surr5, and Surr6, 66 components of FACE-A were
replaced by 19 components to represent this fuel. This reduction in the num-
ber of components was based on merging components from the same chemical
groups and having the same chemical formula, which have very close ther-
mophysical properties; the components with the highest initial compositions
were chosen to be the representative components. The heating and evap-
oration characteristics of all previously suggested and new surrogates were
verified against the results predicted by this 19 component model.

New ‘physical’ surrogates were designed via further simplifications of the
above-mentioned 19 component model by retaining the most important com-
ponents and ignoring the contributions of other components. Mass fractions
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Table 5: H/C ratio, molecular weight and RON of FACE-A fuel and seven surrogates.
Reprinted from Fuel, Volume 176, Elwardany et al., A new formulation of physical sur-
rogates of FACE-A gasoline fuel based on heating and evaporation characteristics, Pages
56-62, Copyright Elsevier (2016).

of components in these surrogates are shown in Table 4.
Firstly, an 8-component surrogate, Surr4, retaining the same mass frac-

tions of n-butane, n-heptane, iso-pentane, and iso-octane as in FACE-A, was
suggested. These components contribute more than 70% of the total mass of
FACE-A gasoline fuel. It was shown that 2-methylpentane, 3-methylhexane
and 2,3-dimethylpentane have similar evaporation behaviour; they were re-
placed by 3-methylhexane which contributes 25.875% of Surr4. The remain-
ing minor components were replaced by 2,6-dimethyloctane, 1t,2 dimethyl-
cyclopentane and 1-methyl-2-propylcyclohexane. The composition of Surr4
was further simplified in a 7-component surrogate, Surr5, in which n-heptane
and 1t,2 dimethylcyclopentane were replaced by n-heptane. Finally in a 6-
component surrogate, Surr6, the composition of Surr5 was further simplified
by replacing iso-octane and 2,6-dimethyloctane with iso-octane.

The heating and evaporation characteristics of the new surrogates were
shown to be much closer to those of the 19 component model, compared
to those of the previously suggested surrogates PRF84, Surr1, Surr2 and
Surr3. The evaporation time predicted for the Surr6 droplet was shown to
be almost identical to that of the FACE-A fuel droplet, while the maximal
error in the prediction of the droplet surface temperature did not exceed 2%,
which is acceptable in most engineering applications. The evaporation times
predicted for Surr4 and Surr5 droplets were shown to be longer than those
of the FACE-A droplets by 5%. The difference between the droplet surface
temperatures predicted for Surr4 and Surr5 and that for FACE-A did not
exceed 13%. It was suggested that Surr5 could be considered an optimal
physical surrogate.

To illustrate the ability of the new surrogates to represent FACE-A fuel in
engine applications, three additional properties were considered: the H/C ra-
tio, molecular weight, and RON. These are shown in Table 5 alongside similar
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properties predicted for surrogates PRF84, Surr1, Surr2 and Surr3. Match-
ing molar masses and H/C ratios of the target fuels indicate both matching
diffusivity and flame speed, while matching RONs indicate matching ignition
delay time. The values of these properties for FACE-A, PRF84, Surr1, 2 and
3 were taken from the literature (see [112]). The RONs for Surr4, 5 and 6
were calculated following the previously suggested procedure based on the
detailed composition of fuels (see [112]). As can be seen from Table 5, com-
pared with the previously suggested surrogates, Surr4, 5 and 6 have values of
RON, molar masses, and H/C ratios which are marginally closer to those of
FACE-A. Therefore, the new physical surrogates not only improved heating
and evaporation prediction, but also have better representations of the H/C
ratio, molecular weight, and RON.

Also, Samimi Abiaheh et al. [113] and Su and Chen [114] paid attention to
the fact that there was no comprehensive gasoline surrogate that could mimic
both the evaporation and combustion of the target gasoline simultaneously
with a limited number of components, and suggested new approaches to
the design of such surrogates, in a different way to that suggested in [112].
In [113], surrogate components were selected to emulate the hydrogen-to-
carbon ratio (H/C), hydrocarbon class distribution, heating value, research
and motor octane numbers (RON and MON), density, and distillation curve.
Also, their choice was constrained by the availability of kinetic mechanisms.
Thus the approach to the selection of surrogates was more stringent than that
of [112] where chemical characteristics were concerned and less stringent than
that of [112] where physical characteristics were concerned (the analysis of
the physical characteristics of surrogates performed in [113] focused only on
the distillation curve).

The analysis of [113] led to development of a seven component gasoline
surrogate for emulation of the physical and chemical properties of USA non-
oxygenated gasoline fuel RD387. It was shown that the surrogate successfully
reproduces the distillation curve, H/C, density, and heating value. The sur-
rogate was also shown to be able to adequately reproduce the first stage
and total ignition delay times. Finally, the surrogate model reproduced the
RCM pressure traces with an acceptable error margin. The laminar flame
speeds of the surrogate were also simulated and compared with experimental
data for a wide range of pressures and equivalence ratios. A good agreement
between the surrogate and gasoline laminar flame speeds was demonstrated,
especially for lean to stoichiometric conditions. It was suggested that the
surrogate mixture could be used in internal combustion engine modelling.
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As in the case of [113], the choice of ‘physical’ surrogate in [114] was based
on matching the distillation curves. A new 6-component surrogate mixture
composed of i-pentane/n-heptane/toluene/iso-octane/n-propyl cyclohexane/iso-
undecane was developed in [114] to match the targeted gasoline in terms of
thermophysical properties and experimental distillation curve. This new sur-
rogate also covered the toluene reference fuel components, which are the three
basic components for ignition modelling. This allowed the authors to match
both physical and chemical characteristics of gasoline fuel using only one
surrogate.

In [114] the temperature distribution inside droplets was described by
two parameters: surface and core temperatures. This approach is much
simpler and less accurate than the one used in MDQDM, where the details of
temperature distribution inside droplets were taken into account. In contrast
to [112], the authors of [114] took into account the effects of turbulence on
liquid thermal diffusivity.

The hybrid multi-component (HMC) model, described in [115], can be
considered a simplified version of the MDQDM. In the HMC model, the
multi-component fuels (gasoline fuels were considered in [115]) were mod-
elled as several discrete classes, each of which was described by a separate
distribution function.

The analysis of heating and evaporation of multi-component droplets thus
far described in this section has focused primarily on the liquid phase. It has
been assumed that all vapour components in the gas phase behave as a single
component. This assumption is relaxed in the next section where recent gas
phase evaporation models for multi-component droplets are described.

4.5. Gas phase evaporation models for multi-component droplets

In the classical Stefan-Fuchs theory, Equation (13) for evaporation of
mono-component droplets was derived taking into account the conservation
of vapour mass flux at any point around a stationary droplet. In the case of
multi-component droplets we can impose a similar condition for all individual
components in the gas phase. Following [116], this condition can be presented
as:

d

dR

(

R2ρtotalUYk − R2D(k,m)ρtotal
dYk

dR

)

= 0, (79)

where subscript k refers to ambient gas (k = 0) or fuel vapour species (k =
1, ....., n, n is the total number of vapour species), R ≥ Rd is the distance from
the centre of the droplet in the gaseous phase, D(k,m) is the mass diffusion
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coefficient for the species k in the mixture, Yk are mass fractions of species
k, U is the Stefan velocity estimated as

U =

∑n
k=1 ṁ

(k)
d

4πR2ρtotal
, (80)

ṁ
(k)
d is evaporation rate of species k (following [116] and in contrast to Equa-

tion (13) we assume that ṁ
(k)
d ≥ 0 during the evaporation process), ρtotal the

total density of the mixture, including ambient gas.
The analysis of Equation (79) is very difficult due to the fact that both

ρtotal and D(k,m) are unknown functions of R. Our further analysis is based
on the assumption that ρtotal and D(k,m) remain constant for all R (the as-
sumption that ρtotal is constant was made when deriving Equation (13)). The
values of D(k,m) were estimated in the reference conditions as (Blanc’s law):

D(k,m) =

(

n
∑

j=0;j 6=k

Yj (ref)

D(k,j)

)−1

, (81)

where

Yj (ref) =
2Yj (s) + Yj (∞)

3
, (82)

Yj (s) and Yj (∞) are the mass fractions of species j at the surface of the
droplets and in ambient gas, respectively. Expression (82) allows us to con-
sider ρtotal under the reference conditions as well (ρtotal = ρref).

Having introduced new variable ζ = Rd/R, the general analytical solution
to Equation (79) was obtained in the form [116]:

Yk = αk exp

[

− ṁ
(total)
d

4πρtotalRdD(k,m)
ζ

]

+ εk, (83)

where ṁ
(total)
d =

∑n
k=1 ṁ

(k)
d ,

εk =
ṁ

(k)
d

∑n
k=1 ṁ

(k)
d

(84)

is the evaporation rate of species k, αk are unknown constants.
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Recalling that Yk(ζ = 0) = Yk∞, we find that αk = Yk∞−εk. This relation
for αk allows us to rewrite Equation (83) for the droplet surface (ζ = 1) as:

Yks = (Yk∞ − εk) exp

[

− ṁ
(total)
d

4πρtotalRdD(k,m)

]

+ εk. (85)

Equation (83) was rearranged to [116]:

εk =

Yks − Yk∞ exp

[

− ṁ
(total)
d

4πρtotalRdD(k,m)

]

1 − exp

[

− ṁ
(total)
d

4πρtotalRdD(k,m)

] , (86)

n
∑

k=1

Yks − Yk∞
(

1 − exp

[

− ṁ
(total)
d

4πρtotalRdD(k,m)

]) = 1 =
n
∑

k=1

Yk∞. (87)

Non-linear Equation (87) was used in [116] to calculate the total evapo-

ration rate ṁ
(total)
d assuming that the values of all other parameters in this

equation are known. Once the value of ṁ
(total)
d was obtained, the values of

εk were calculated from Equation (87).
The Stefan-Fuchs equation (79) could be formulated in terms of molar

rather than mass fluxes [117]. The latter equation could be solved under
the assumption that the molar density of the mixture does not depend on
the distance from the droplet surface. The solution to this equation would
be rather similar to (86) and (87) and its explicit form was given in [117].
These two equations and their solutions predict slightly different evaporation
rates since the conditions of constant total mass density and constant molar
density of the mixture are not equivalent.

To take into account the effects of multi-component droplet movement
on droplet heating and evaporation, in [116] (as well as in a number of other
papers, e.g. [118]) it was assumed that there is no interaction between evapo-
rating species. For each of these species the Abramzon and Sirignano model
[11], described in Section 3.1, was applied. The validity of this assumption
is not at first evident. This is the reason why, in many papers and books,
including [2], the effect of relative motion between species in the gas phase
has been ignored altogether.

A comparison between the values of ṁ
(total)
d inferred from Expression (87)

and obtained using a simplified model based on Equation (30) for stationary
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droplets was also performed in [116]. In the latter formula it was assumed
that ρtotal = ρref ; BM was calculated based on the summations of mass frac-
tions of vapour species at the surface of the droplet and ambient conditions.
Two approaches to calculation of the diffusion coefficient in (30) were used.
Firstly, this coefficient was calculated based on the Wilke and Lee formula
(see Formula (45) in [40]) with all input parameters averaged over all species
present in the system (this averaging did not take into account different mass
fractions of species). Secondly, the coefficient was calculated based on direct
averaging of the values ofD(k,m) taking into account mass fractions of species:

Dv =

∑n
k=1 Yk (ref)D

(k,m)

∑n
k=1 Yk (ref)

. (88)

The models based on the first and second approaches were referred to
in [116] as Models 1 and 3. In [116], the predictions of the values of ṁ

(total)
d

inferred from (87) were compared with the predictions of Models 1 and 3 and
the predictions of a simplified model described in [119], referred to as Model 2.

It was shown that Models 1 and 3 predict values of ṁ
(total)
d which are almost

identical to those inferred from (87), while Model 2 clearly underestimates the
evaporation rate. It is anticipated that the predictions of Model 1 would be
improved if the averaging of input parameters in the Wilke and Lee formula
took into account mass fractions of individual components as in Equation
(88). This is expected to provide additional support to the application of a
simplified model, where multi-component gas is treated as mono-component,
when modelling the evaporation of multi-component fuels (cf. [2]).

The authors of [120, 121, 122, 117] drew attention to the fact that more
accurate description of multi-component diffusion, compared with Equation
(79), should be based on the Maxwell-Stefan equations. Ignoring the Soret ef-
fects, diffusion due to pressure gradients and external forces, these equations
can be presented as [123, 117]:

∇X(p) =
n
∑

k=0

1

CmDpk

(

X(p)N(k) −X(k)N(p)
)

, (89)

where X(k) is the molar fraction of the kth component, Cm is the molar
density of the mixture, Dpk = Dkp is the binary diffusion coefficient of the
pth component into the kth component, N(p) is the molar flux of the pth
component, k = 0 refers to ambient gas.
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For a multi-component spherical droplet only the radial components of
the species molar fluxes can be retained. In this case, Eq. (89) was presented
in a similar format to that inferred from Eq. (79). This allowed the authors of
[117] to present the solution to (89) in a similar format to (86) and (87), but
for molar fractions, assuming that the total molar density does not depend
on the distance from the droplet surface.

It was shown that the predictions based on Eq. (79) (Stefan-Fuchs equa-
tion) underestimate the total evaporation rate, especially at high ambient gas
temperatures, for various droplet compositions. The largest deviation of the
absolute values of the evaporation rate, predicted by the Stefan-Fuchs and
Maxwell-Stefan equations, was found when none of the species mass fractions
was dominant.

4.6. Other approaches to modelling heating and evaporation of multi-component
droplets

A new quasi-dimensional multi-component heating and evaporation model
for multi-component fuel droplets was suggested in [81]. In contrast to the
Discrete Component Model (in [81] this model is referred to as the one-
dimensional model) described in Section 4.1 and 4.2, this model is based not
on the rigorous solution to heat transfer and species diffusion equations inside
droplets, but on the polynomial (quadratic) approximations of the tempera-
ture and mass fractions of species distributions inside droplets (in the case of
temperature this approach is similar to the one used in the parabolic model
discussed in Section 2). As in the case of the Discrete Component Model,
the analysis of the quasi-dimensional model is based on the ETC/ED model.
Both the ideal gas approach (Raoult’s law is assumed to be valid) and the real
gas approach were used in the analysis of [81]. The Peng-Robinson equation
of state and the van der Waals mixing rule were used. The radiative heating
of droplets was taken into account. The authors of [81] believed that their
model could be a reasonable compromise between the rigorous Discrete Com-
ponent Model and a simplistic model in which the temperature and species
mass fractions inside droplets were ignored (this model was called the zero-
dimensional model in [81]). The model was extensively validated against
experimental measurements, and good agreements with these measurements
were observed (compared with the prediction of the zero-dimensional model).

When modelling ethanol-blended gasoline fuel droplet evaporation, the
authors of [121] relaxed the assumption that Rault’s law is valid and esti-
mated the vapour-liquid equilibrium using quantum chemical ab initio de-
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scription (see Section 5.3.1). The Maxwell-Stefan diffusion and convection
theory (see Eq. (89)) was used for the calculation of gas phase transport
characteristics of the components.

A simple relation providing the multi-component diffusion matrix as a
power series in terms of the N−1 independent mole fractions in the mixture,
where N is the total number of molar fractions, was derived from the kinetic
gas theory in [124]. This power series converged quickly for gas mixtures with
one major component in which the remaining N − 1 species were diluted.

A new reduced multi-component diffusion model for the gas phase was
suggested in [125] for application to premixed flames. The main ideas of
this model could be applied to the problem of diffusion of components in a
multi-component fuel although this has not yet been investigated to the best
of my knowledge.

5. Kinetic and molecular dynamics models for droplet heating and
evaporation

As in the case of Sections 2 – 4, there are two parts to this section. Firstly
the models described in [2] will be summarised. Then the discussion will shift
to new models/results, not previously described in [2].

5.1. Background research into kinetic and molecular dynamics modelling

In the models discussed so far the modelling of droplet heating and evap-
oration processes has been based on the hydrodynamic approximation. In
this approximation, vapour at the droplet surface is assumed to be satu-
rated and the evaporation is modelled as the diffusion of vapour from the
droplet surface to the ambient gas [2]. The limitations of this approxima-
tion have been well known since the pioneering papers published more than
100 years ago (see [126] and the references therein). In a number of stud-
ies, summarised in [2], the heating and evaporation of n-dodecane (C12H26)
(a crude approximation for Diesel fuel) and a mixture of n-dodecane (ap-
proximating alkanes in Diesel fuel) and p-dipropylbenzene (approximating
aromatics in Diesel fuel) droplets was studied and a new model combining
the kinetic and hydrodynamic approaches based on the Boltzmann equa-
tions for vapour and air (kinetic region) was developed (an approximation
of Diesel fuel by a mixture of n-dodecane and m-xylene was considered in
[127], but the implications of this approximation for kinetic modelling have
not been investigated). In the immediate vicinity of droplet surfaces (up
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Figure 13: Liquid, kinetic and hydrodynamic regions near the surface of the droplet. Ts

is the droplet surface temperature, ρs (n,p) are n-dodecane (n) and p-dipropylbenzene (p)
vapour densities in the immediate vicinity of the droplet surface, TRd and ρRd (n,p) are the
temperature and n-dodecane (n) and p-dipropylbenzene (p) vapour densities at the outer
boundary of the kinetic region. Reprinted from International Journal of Heat and Mass
Transfer, Volume 93, Sazhin et al., A self-consistent kinetic model for droplet heating and
evaporation, Pages 1206-1217, Copyright Elsevier (2016).

to about one hundred molecular mean free paths), the vapour and ambient
gas dynamics were studied, while at larger distances the analysis was based
on the hydrodynamic equations (hydrodynamic region). Mass, momentum
and energy fluxes were conserved at the interface between these regions and
between the kinetic region and liquid. The modelling took into account the
contributions of up to three components in the kinetic region (up to two
components approximating Diesel fuel, and air approximated by nitrogen).
The above-mentioned three regions in the vicinity of the droplet surface are
schematically shown in Fig. 13.

In kinetic modelling inelastic collisions between molecules were taken into
account using a simplified model, the main ideas of which are described below.
Let us consider two colliding molecules. Regardless of the nature of the
collision between them, their centre of mass is not affected by this collision.
The state of the molecules after the collision is described in the reference
system linked with this centre of mass. In this system, each of these molecules
has three translational and a certain number of internal degrees of freedom,
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so that the total number of degrees of freedom of both molecules is equal
to N . During the collisions, the energies of each molecule are redistributed
between the degrees of freedom, but the total number of degrees of freedom
remains the same. Also, it is assumed that none of these degrees of freedom
predominates. This assumption implies that we should focus our attention
on the systems close to thermodynamic equilibrium.

The assumption that none of the degrees of freedom predominates allows
us to consider the redistribution of energy between these degrees of freedom
during the collision process as random with uniform probability distribution
(we are not interested in any specific details of these collisions). For each
of these degrees of freedom one dimension in the N−dimensional space, de-
scribing all degrees of freedom, is allocated. Once this has been done, we can
consider a sphere in this space with its centre at the origin (where energies
of all degrees of freedom are equal to zero) and radius given by the following
expression:

r =

√

√

√

√

i=N
∑

i=1

Ei, (90)

where Ei is the energy of the ith degree of freedom (translational or inter-
nal). Since r2 gives the total energy of the system Ef , Equation (90) can
be considered as an equation of the conservation of energy at the surface
of the sphere. The redistribution of energy following an inelastic collision
was described as a random motion along the surface of the sphere defines by
(90). In the case of elastic collisions this sphere becomes three dimensional
(N = 3).

It was assumed that the distribution function of evaporated molecules is
Maxwellian and vapour pressure at the droplet surface is saturated and obeys
Raoult’s law (in the case of bi-component droplets). The mass flux of evapo-
rated molecules was controlled by the evaporation coefficient β, which is the
ratio of the actual mass flux of molecules leaving the droplet surface and the
maximal possible mass flux. The values of this coefficient were inferred from
molecular dynamic simulations of the evaporation of n-dodecane presented
in [128]. The analysis presented in [128] was based on the United Atom
Model and led to the following approximation of the evaporation coefficient
for n-dodecane:

β(Ts) = 7 × 10−6 T 2
s − 9.8 × 10−3 Ts + 3.7215. (91)

where Ts is the droplet surface temperature.

61



Note that the United Atom Model is based on the Force Field (FF) ap-
proximation, when quantum mechanics effects due to the contribution of
electron shells are not taken into account (the contributions of these effects
will be discussed later in Section 5.3).

The boundary condition at the interface between the kinetic and hydro-
dynamic regions was inferred based on the requirement of the conservation
of heat and mass fluxes at this interface. The hydrodynamic heat and mass
fluxes were calculated based on the simplifying assumptions that the tem-
perature at the outer boundary of the kinetic region is equal to the droplet
surface temperature and vapour pressure at this boundary is equal to the
saturated vapour pressure at temperature equal to the droplet surface tem-
perature. The requirement of the conservation of heat and mass fluxes at this
interface allowed us to find the corrected values of temperature and vapour
density. The main problem with this approach is that the heat and mass
fluxes in the hydrodynamic region, calculated based on these corrected val-
ues of temperature and vapour density, are not equal to the heat and mass
fluxes in the hydrodynamic region used to find these corrected values, in the
general case. This problem was resolved in our recent paper [129], the main
results of which are summarised in the next section.

5.2. A self-consistent kinetic model for droplet heating and evaporation

As in the previous approaches, the analysis of [129] was based on finding
the values of temperature and vapour density at the outer boundary of the
kinetic region. These were inferred from the requirement that both heat flux
and mass flux of vapour (or vapour components) in the kinetic and hydro-
dynamic regions in the vicinity of the interface between these regions should
be equal. Initially, these fluxes in the hydrodynamic region were calculated
based on the values of temperature and vapour density at the surface of the
droplet. Then the values of temperature and vapour density at the outer
boundary of the kinetic region, obtained following the above-mentioned pro-
cedure, were used to calculate the corrected values of hydrodynamic heat
and mass fluxes. In this procedure, the corrected values of temperature and
vapour density (or densities in the case of bi-component droplets) at the outer
boundary of the kinetic region were used to calculate the corrected values
of hydrodynamic heat and mass fluxes. The latter in their turn led to new
corrected values of temperature and vapour density at the outer boundary
of the kinetic region. One would expect that if this process converges then
one would obtain self-consistent values for both heat and mass fluxes. The
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Figure 14: The plots of normalised mass fluxes j̃ ≡ j/(ρ0

√
RvT0) predicted by the kinetic

(line ‘k’) and hydrodynamic (lines ‘h’) models for an n-dodecane droplet moving with
velocity 10 m/s versus αρ ≡ ρRd/ρs (normalised vapour density at the outer boundary of
the kinetic region). Droplet surface and gas temperatures are assumed equal to 600 K and
1000 K respectively. Reprinted from International Journal of Heat and Mass Transfer, Vol-
ume 93, Sazhin et al., A self-consistent kinetic model for droplet heating and evaporation,
Pages 1206-1217, Copyright Elsevier (2016).

hydrodynamic and kinetic models used in [129] are similar to the ones de-
scribed in Sections 5.1, 3 and 4.1, except that the evaporation coefficient was
assumed equal to 1 for both n-dodecane and p-dipropylbenzene (the effect of
the evaporation coefficient on the results was shown to be small).

The above-mentioned iterative procedure is illustrated in Figs. 14 and 15
for the calculation of density and temperature at the interface between the
kinetic and hydrodynamic regions. It was assumed that Diesel fuel is approx-
imated by n-dodecane, a droplet was moving with relative velocity equal to
10 m/s and its surface temperature was equal to 600 K; gas temperature and
pressure were taken equal to 1000 K and 30 bar respectively. The plots of
j̃k ≡ jk n/(ρ0

√
RvT0) versus αρ and q̃k ≡ qk/(p0

√
RvT0) versus αT are shown

in Figs. 14 and 15, respectively (lines indicated as ‘k’). In the same figures,
the plots of j̃h ≡ jh n/(ρ0

√
RvT0) versus αρ and q̃h ≡ qh/(p0

√
RvT0) versus

αT , assuming that αρ = 1 and αT = 1, are also shown (lines marked ‘h’, it-
eration 1). The intersection between these two pairs of lines gave the values

63



Figure 15: The plots of normalised heat fluxes q̃ ≡ q/(p0

√
RvT0) predicted by the kinetic

(line ‘k’) and hydrodynamic (lines ‘h’) models for an n-dodecane droplet moving with
velocity 10 m/s versus αT ≡ TRd/Ts (normalised temperature at the outer boundary of the
kinetic region). Droplet surface and gas temperatures are assumed equal to 600 K and 1000
K respectively. Reprinted from International Journal of Heat and Mass Transfer, Volume
93, Sazhin et al., A self-consistent kinetic model for droplet heating and evaporation, Pages
1206-1217, Copyright Elsevier (2016).
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αρ = 0.979 and αT = 1.031.
In the analysis presented in [2] these corrections were directly used for

calculation of mass and heat fluxes, taking into account the kinetic effects.
In the new model described in [129], these corrections were used to update
the values of j̃h and q̃h, and the updated values of these fluxes are shown in
Figs. 14 and 15 as the lines marked ‘h’, iteration 2. The intersections of these
new lines with lines j̃k and q̃k provide us with updated values αρ = 0.969 and
αT = 1.029. Further iterations up to iteration 50 lead to visible changes in
these corrections, as shown in the same Figs. 14 and 15. The difference in
the values of αρ and αT inferred from consecutive iterations decreases with
increasing iteration number, so that the differences between these values
inferred from the 49th iteration were almost indistinguishable from those
inferred from the 50th iteration. Note that, in contrast to the previously used
non-self-consistent model, the new approach does not rely on the observation
that q̃k is almost independent of αρ and j̃k is almost independent of αT .

The same analysis as presented in Figs. 14 and 15 was repeated for other
droplet surface temperatures in the range 300-650 K and gas temperatures
800 K, 1000 K and 1200 K. Also, the same analysis was repeated for bi-
component droplets (80% n-dodecane and 20% p-dipropylbenzene mixture)
for droplet surface temperatures in the range 300-650 K and gas temperature
equal to 1000 K. The predictions of the kinetic model at temperatures close to
the critical temperature of n-dodecane (Tcr = 659 K) proved to be unreliable
and it was assumed that the values of αρ and αT at Ts > 650 K are the
same as at Ts = 650 K. This assumption is expected to affect the very final
stage of droplet evaporation, and has limited effect on the overall picture of
droplet heating and evaporation.

The results of the above-mentioned analyses are presented in the form
of the plots of αρ and αT versus droplet surface temperatures Ts for gas
temperatures and pressure equal to 1000 K and 30 bar, respectively, and
n-dodecane droplet velocity 10 m/s, shown in Figs. 16 and 17. As can be
seen from Fig. 16, the values of αρ decrease with increasing Ts. The values
of αρ inferred from iteration 2 are lower than those inferred from iteration
1; these values for the 3rd iteration are almost indistinguishable from those
inferred from all the following iterations up to iteration 50. The behaviour
of the curve αT versus Ts, shown in Fig. 17, appears to be more complex
than that of αρ versus Ts. For low temperatures αT increases with increasing
Ts, at intermediate temperatures αT decreases with increasing Ts, and at
temperatures close to 650 K, αT again increases with increasing Ts. As in the
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Figure 16: The plots of αρ versus Ts for an n-dodecane droplet moving with velocity 10
m/s in gas (air) at temperature equal to 1000 K. Reprinted from International Journal
of Heat and Mass Transfer, Volume 93, Sazhin et al., A self-consistent kinetic model for
droplet heating and evaporation, Pages 1206-1217, Copyright Elsevier (2016).

Figure 17: The plots of αT versus Ts for an n-dodecane droplet moving with velocity 10
m/s in gas (air) at temperature equal to 1000 K. Reprinted from International Journal
of Heat and Mass Transfer, Volume 93, Sazhin et al., A self-consistent kinetic model for
droplet heating and evaporation, Pages 1206-1217, Copyright Elsevier (2016).
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case of αρ, the values of αT inferred from iteration 3 and higher iterations
are almost indistinguishable. These values are slightly higher than those
inferred from iteration 1 for low Ts and slightly lower than those inferred from
iteration 1 for high Ts. In our analysis, the values inferred from iteration 50
are assumed to describe adequately the self-consistent heat and mass fluxes
in the vicinity of the surfaces of heated and evaporating droplets.

The general shapes of the curves for other values of gas temperatures and
approximations of Diesel fuel turned out to be similar to the ones shown in
Figs. 16 and 17. The new model was applied to the analysis of heating and
evaporation of Diesel fuel droplets with initial radii and temperature equal
to 5 µm and 300 K, immersed into gas with temperatures equal to 800 K,
1000 K and 1200 K and pressure equal to 30 bar. Droplets were stationary
or moving with fixed velocity equal to 10 m/s. It was shown that in all
cases the kinetic effects led to a decrease in droplet surface temperature and
an increase in the evaporation time. This increase was shown to be more
visible for higher gas temperatures and moving droplets. The addition of
p-dipropylbenzene was shown to decrease the kinetic effects on the droplet
evaporation time.

5.3. New approaches to the estimation of the evaporation coefficient

As mentioned in Section 5.1, the solution to the Boltzmann equation
in the kinetic region requires formulation of the boundary condition at the
liquid/gas interface. This boundary condition is essentially controlled by the
evaporation coefficient. The approximation of the results molecular dynamics
calculations of this coefficient, using the United Atom Model, is given by
Equations (91).

One of the main limitations of the United Atom Model, used for ap-
proximation (91), is that in this model the interaction between individual
molecules was described using the force field (FF) methods, which simplify
both inter- and inner-molecular interactions by ignoring electrons per se.
The applicability of this approach is far from obvious, as the dynamics of
individual molecules in the vicinity of droplet surfaces are essentially quan-
tum mechanical processes. The quantum mechanical (quantum-chemical
(QC)) models describing the processes at and in the vicinity of Diesel fuel
droplet surfaces are described in [103, 130, 131, 132, 133]. Note that papers
[103, 130, 131, 132] primarily address the quantum chemistry community.
The importance of the results presented in these papers might have been
overlooked by a wider engineering audience. The main objective of [133] was
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to summarise the main results reported in [103, 130, 131, 132], but in a for-
mat that can be easily understood by the engineering community interested
in modelling the heating and evaporation of Diesel fuel droplets. The main
results of [133] are summarised in this section of the review.

5.3.1. Brief overview of quantum-chemical methods

Although the solution to the Schrödinger equation for the wave func-
tion ψ in some simple cases (e.g. isolated hydrogen atom) is well known and
described in standard quantum mechanics textbooks, its general solution
when many particles need to be analysed simultaneously is still a challenge
for quantum mechanical modelling. One of the most widely used simplified
methods to solve this equation is known as the Hartree-Fock (HF) method.
There are two strategies for application of the HF method for practical calcu-
lations. In the semi-empirical methods the integrals used in the HF method
are estimated based on experimental data or based on a series of rules which
allow us to set certain integrals to zero. In the ab initio methods an attempt
is made to calculate all these integrals.

Although the HF method is widely used in practical computations, this
method is still an approximate one and demands considerable computational
effort. This led to the development of alternative approaches to the calcula-
tion of electronic systems, including the Density Functional Theory (DFT).
This technique focuses on the electron density (ρe) rather than on the wave
function ψe. In this theory it is assumed that the energy of a molecule is
a function of the electron density. Since the electron density is a function
of position ρe(r), this energy appears to be a function of a function, that is
functional of density. This approach appears to be not only much less de-
manding computationally compared with the HF method, but in some cases
it can lead to more accurate results compared with the latter method.

On some occasions various approximations of the energy functional in the
DFT, that incorporate parts of the exact exchange from the HF theory, have
been suggested. One such approach is known as B3LYP (Becke, 3-parameter,
Lee-Yang-Parr). Various semi-empirical quantum chemistry methods, men-
tioned earlier, are important for dealing with large molecules where the full
HF method without the approximations (ab initio approach) and DFT are
too expensive. In these methods a range of fitting parameters are typically
used to produce the results that best agree with experimental data or with
ab initio results (e.g. PM7 method). The parameters in the PM7 method
were calibrated to obtain results consistent with experimental and ab initio
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data for more than 9000 compounds. The accuracy of the PM7 method is
close to that of the ab initio and DFT methods used with the 6-31G(d) basis
set.

The main differences between the classical MM/MD, semi-empirical PM7,
ab initio and DFT methods are due to the way in which the contributions of
electrons are taken into account. The contribution of all electrons is taken
into account in ab initio and DFT with self-consistent field (SCF); only
valence electrons are considered in semi-empirical quantum-chemical meth-
ods (QCMs) with SCF, and no electrons per se are considered in classical
MM/MD methods without SCF.

A new continuum solvation model based on the quantum mechanical
charge density of a solute molecule interacting with a continuum descrip-
tion of a solvent was named the SMD (D stands for density which refers to
the full solute electron density) model. The term continuum indicates that
the solvent is represented as a dielectric medium with surface tension at the
solute-solvent boundary. The SMD model was parameterized with a training
set of almost three thousand solvation data.

In the case of modelling of the transient processes, the Dynamic Reaction
Coordinates (DRC) method has been widely used. The key concept of this
method is the Dynamic Reaction Coordinate which is the path followed by
all the atoms in a system assuming the conservation of energy. In contrast to
conventional molecular dynamic (MD) approaches, the contributions of the
processes at the electronic level are taken into account.

The models described in this section have been implemented in a num-
ber of known programs, including Gaussian 09, WinGAMESS 2013 R1, and
MOPAC2012. Some results of their applications, using these three programs,
are summarised in the following sections.

5.3.2. Evaporation rate

To the best of our knowledge, the first attempt to perform a quantum
chemical study of the processes during the evaporation of real-life Diesel fuel
droplets was described in [103]. The composition of Diesel fuel used in their
analysis is shown in Fig. 7, while the analysis focused on the evaporation
from the surface of a Diesel fuel droplet into a vacuum, described by the
evaporation rate:

γ =

(

1

t

)

ln

(

nev(t)

n0

)

, (92)
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where nev(t) is the time dependent number of molecules leaving the droplet,
n0 is the initial number of molecules, t is the duration of the process. Consid-
ering the evaporation rate of the ith-molecule from a cluster (or nanodroplet)
i+ j (γi(i+j)), the value of γi(i+j) was estimated as [134, 135]:

γi(i+j) = bij
p

kBTn0
exp

(

∆Gi+j − ∆Gi − ∆Gj

kBT

)

, (93)

where ∆Gi+j , ∆Gi, and ∆Gj are the Gibbs free energies of formation of the
molecules (clusters/nanodroplets) from monomers (molecules) at the refer-
ence pressure p. An additional assumption that clusters or nanodroplets are
so small that their interaction with molecules can be described by the kinetic
gas theory was made for the estimation of bij.

Although these assumptions are rather restrictive for practical engineer-
ing applications, they allowed the authors of [103] to gain insight into the
physics of some of the processes at the surface of the droplets. The SMD/HF
or SMD/DFT models with the same 6-31G(d,p) basis set were used to esti-
mate changes in the Gibbs free energy during the transfer of a molecule from
a liquid medium into a gas phase. Such solvents as n-dodecane, tetraline,
benzene, and isopropyltoluene were used to analyse the effects of surround-
ings on the evaporation rate of the components of Diesel fuel: normal, iso
and cyclic alkanes, 1-3 ring aromatics, tetralines and indanes (in the C12-C20

range). It was shown that compounds C14-C16 make the main contribution
to the Diesel fuel under consideration. An increase in the molecular size of
alkanes from n-octane to n-heptacosane or in the aromaticity of compounds
resulted in a strong decrease in the values of the evaporation rate.

In contrast to [103], the analysis of [130] focused only on alkanes as the
main components of Diesel fuels, and particularly on n-dodecane, the com-
ponent widely used as a representative of this fuel. The evaporation rate
was shown to decrease with increasing cluster/nanodroplet diameter and de-
creasing temperature. The relative number of evaporated molecules, how-
ever, did not depend on cluster/nanodroplet diameters, and increased with
increasing temperature. At certain temperatures, the clusters/nanodroplets
were expected to fully evaporate. The relative number of residual molecules
in clusters/nanodroplets for n-alkanes in the range C8-C27 was shown to in-
crease with temperature and with the carbon numbers in the molecules. Thus
the evaporation process of a mixture of n-alkanes was expected to lead to
increased concentration of heavy n-alkanes in droplets, which is consistent
with the results presented in Section 4.

70



Steady-state evaporation from a liquid surface into a vacuum was also
modelled in [136] by non-equilibrium molecular dynamics simulations of a
Lennard-Jones fluid, without taking into account quantum chemical effects.

5.3.3. Interaction between molecules and clusters/nanodroplets

The analysis described in Section 5.3.2 referred to the integral charac-
teristics of the processes at the surface of the droplets. In this section,
the details of the analysis of the collision processes between n-dodecane
molecules and clusters/nanodroplets, based on the Dynamic Reaction Co-
ordinate (DRC) method, are described, following [130] and [133]. These
processes are expected to lead to scattering or sticking of the molecules. In
the DRC calculations, the total kinetic energy includes the kinetic energy
of random thermal bond vibrations and rotations and the kinetic energy of
the translational motion of the whole molecules. In the above-mentioned
papers, the DRC method was applied to study the dependence of stick-
ing/scattering of n-dodecane molecules on their angles of attack, tempera-
ture, and cluster/nanodroplet size. The DRC calculations were performed
for molecules interacting with a cluster (7 molecules) or a nanodropletlet (64
or 128 molecules) of n-dodecane molecules. The results are shown in Fig. 18.

From Fig. 18, at large angles of attack, absorption of a molecule by a
cluster or nanodrop of relatively small size (d = 2-7 nm) can be clearly
seen if the kinetic energy is low and the attacking molecule is not oriented
exactly towards one of the surface molecules. At Θ ≈ 1◦ an almost perfectly
elastic collision is observed if the molecule has relatively high kinetic energy
(∼ 10 kJ/mol or larger) and is oriented directly towards one of the surface
molecules. In the DRC calculations the kinetic energy of the molecules in the
clusters or nanodroplets was low and thermal vibrations and bond rotations
corresponded to 300-400 K. The kinetic energy of the attacking molecule was
high (its effective temperature was in the range 500-1200 K).

Further analyses, similar to those shown in Fig. 18, allowed the authors
of [130] and [133] to conclude that the probability of the attacking molecule
sticking to a droplet is maximal if the molecular plane is parallel or almost
parallel to the droplet surface. This corresponds to multi-point interactions
of relatively long n-dodecane molecules with the droplet surface. If the kinetic
energy of the attacking molecules is greater than that of boiling temperature
then it is expected that they will scatter and be removed from the clus-
ter/nanodroplet surface. Molecule-nanodroplet interaction results (sticking
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Figure 18: Interaction of an n-dodecane molecule (hot, temperature ∼ 1100 K) with a
cluster of seven n-dodecane molecules (initial temperature 473 K; it increases due to the
interaction with a hot molecule) at the angles of attack Θ ≈(a) 1◦, (b) 60◦ and (c) 90◦. The
results were obtained using the DFT B3LYP. Reprinted from Fuel, Volume 165, Sazhin
et al., Quantum-chemical analysis of the processes at the surfaces of Diesel fuel droplets,
Pages 405-412, Copyright Elsevier (2016).

or scattering) depend on the kinetic energy and orientations of the attacking
and surface molecules. It was shown that the mechanisms of evaporation
of microdroplets and nanodroplets are likely to involve rather different pro-
cesses. In the case of microdroplets, individual carbon molecules are evap-
orated from their surfaces, while nanodroplets are expected to disintegrate
into clusters and individual molecules.

The decrease in the likelihood of evaporation/condensation with temper-
ature, predicted by the analysis presented above, agrees with the prediction
of the classical theory based on the MD simulations of n-dodecane molecules
(see [128]). At the same time, the analysis of this section does not allow us
to predict the evaporation coefficient, as was done in [128]) using the clas-
sical FF analysis. The analysis of each collision process, shown in Fig. 18,
required a powerful PC. To study these processes using DFT/DRC methods
for larger systems with dozens or hundreds of molecules, a supercomputer
would be needed. The latter was used for some calculations to study the con-
formerisation effects for n-dodecane (95 conformers). To quantify the values
of the evaporation/condensation coefficient, using the above-mentioned anal-
ysis, one would need to repeat these calculations for a wide range of angles
of attack, orientation of molecules and energies for various conformers and
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various conditions of clusters and nanodroplets (the effects of the size of the
clusters/nanodroplets would need to be investigated as well). Since this does
not look feasible at the moment, an alternative approach to calculating the
above-mentioned evaporation/condensation coefficient, taking into account
quantum chemical effects, is described in Section 5.3.4, following [131] and
[133].

5.3.4. Estimation of the evaporation/condensation coefficient

The analysis of [131] was based on the transition state theory (TST) and
quantum chemical DFT methods. These were applied to several ensembles
of n-dodecane conformers. There was similarity between the approach used
in [131] and the one used previously (see [2]). In contrast to the previous
studies, however, in the analysis of [131] the TST was based on a QC DFT
approach taking into account the conformerisation of n-dodecane molecules
(considered as a representative of Diesel fuel). It was shown that the most
accurate expression for the condensation coefficient is the one averaged over
the states of various conformers transferred between two phases and given
by the following formula [131]:

〈βV 〉 =

{

1 −
[

ρg

ρl
exp

〈∆Gg→l〉
RT

]1/3
}

exp




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− 1

]−1






,

(94)
where R is the universal gas constant, ρg(l) is the gas (liquid) density, ∆Gg→l

is the change in the Gibbs free energy during the condensation process, sub-
script V indicates that the expression for β explicitly depends on the specific
volumes, 〈 〉 indicates averaging over the states of various conformers trans-
ferred between two phases. It was assumed that the process under consid-
eration is quasi-steady-state and the condensation coefficient is equal to the
evaporation coefficient.

The effects of both the conformerisation and cross-conformerisation (changes
in conformer state during transfer into another phase) of n-dodecane molecules
(CDM effects), which can contribute to the Gibbs free energies of evapora-
tion and solvation, were taken into account. Ninety-five stable conformers
were selected based on the changes in the Gibbs free energy.

A comparison between the results of calculations of β based on Expres-
sion (94) and those obtained previously is shown in Fig. 19. As one can see
from this figure, taking into account the QC effects leads to marginal modifi-
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Figure 19: Comparison of the values of the evaporation coefficient β, predicted by MD,
FF (symbols 1-4, curves 5-8) and Expression (94) (curve 9), versus normalised tempera-
ture (T/Tc, where Tc is the critical temperature). Symbols (1-4) refer to the models for
structureless LJ fluids with various input parameters [137, 138], curves 5 and 7 refer to
the results obtained based on the United Atom Model reported in [139, 128], respectively,
curve 6 refers to the results of calculations based on the TST model reproduced from [139],
curve 8 is based on the results of calculations using the model described by Mizuguchi et al.
[138]. QC calculations were performed using DFT ωB97X-D/cc-pVTZ and SMD/ωB97X-
D/cc-pVTZ. Reprinted from Fuel, Volume 165, Sazhin et al., Quantum-chemical analysis
of the processes at the surfaces of Diesel fuel droplets, Pages 405-412, Copyright Elsevier
(2016).
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cations of the predicted evaporation/condensation coefficient, except at tem-
peratures close to the critical temperature (where this modification turned
out to be significant). Thus, although the analysis of the QC effects takes
into account many new effects ignored in the conventional FF approach, the
contribution of these effects to the values of the evaporation/condensation
coefficient turned out to be marginal, unless temperatures close to the critical
temperature were considered.

6. Unsolved problems

Although the results summarised early in this review show noticeable
progress in the development of the models of droplet heating and evaporation,
many important problems in this area are still not resolved. The focus of
this section will be on some of these unsolved problems. This list is certainly
not complete. The selection of unsolved problems is rather subjective, and
has been motivated by the author’s personal research interests. There will
be some overlap between the discussion of unsolved problems below and the
one presented in [140].

6.1. Non-spherical droplets

Most of the models discussed so far are applicable only to spherical
droplets, while the shapes of most of the droplets observed in various environ-
mental and engineering applications, including those in internal combustion
engines, are far from spherical [61, 141]. Some preliminary results referring
to the modelling of heating and evaporation of spheroidal droplets are dis-
cussed in Section 3.3. The main limitation of the approach discussed in this
section is that it is applicable only to weakly deformed spherical droplets.
Even in this case, however, it was not possible to develop models as elegant as
the ones developed for spherical droplets. The perturbation methods might
be used if the deviation of the shape of the droplets from the spherical is
very small, or these shapes can be approximated by long cylinders. In the
general case, however, these problems would most likely need to be analysed
using complex and CPU intensive numerical methods, which are still to be
developed.

6.2. Limitations of the ETC/ED model

The application of analytical models for moving spherical droplets has
been based on the assumption that the Effective Thermal Conductivity/Effective
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Diffusivity (ETC/ED) model is valid. The validity of this model was investi-
gated based on the direct comparison of the predictions of this model and the
prediction of a more general vortex model for a limited range of parameters
(see this comparison for the ETC model presented in [11, 13]). The appli-
cability of the model outside this range is not at all obvious. In any case,
the errors linked with the application of this model could only be estimated
based on a direct comparison between its predictions and the predictions of
the vortex model for a wider range of parameters. This has not yet been done.
Another problem with the application of the ETC/ED model lies in the as-
sumption that a realistic inhomogeneous distribution of surface temperatures
in moving droplets can be approximated by the homogeneous distribution in
the analysis of droplet heating and evaporation. The limits of applicability
of this assumption would require special investigation.

6.3. Effects of the interaction between droplets

As demonstrated in a number of recent papers summarised in [2], even
in the simple case of droplets moving in tandem the effect of interaction
between droplets on their heating and evaporation cannot be ignored when
the distance parameter (ratio of the distance between droplets and their
diameter) is less than about 10 (see [142] for further discussions of this issue).
Various semi-empirical formulae taking into account these interactions have
been suggested. In realistic internal combustion engines, however, the mutual
positions of moving droplets are quite complex [61, 141]. Also, the number of
droplets affecting any particular droplet in a dense spray can be rather large.
It is not clear how this complex interaction between droplets can be taken
into account when modelling individual droplet heating and evaporation. In
a number of papers, including [143], is was demonstrated that increasing the
number of droplets per unit volume reduces the evaporation rate.

6.4. Droplet heating and evaporation in near- and super-critical conditions

Most of the models described in [2] and in this review have been developed
for those cases when both temperature and pressure do not approach the crit-
ical point. This restriction of these models have turned out to be crucial for
many engineering applications including those in realistic Diesel engine con-
ditions, where both temperature and pressure are likely to reach and exceed
critical values. Taking pressure as an example, Diesel and biodiesel fuels
are injected into a cylinder pressurised to about 25 atm, which may then
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increase to more than 60 atm after ignition. At the same time, critical pres-
sure for most hydrocarbon fuels is expected to be in the range of 15-30 atm.
Therefore fuel spray processes, including droplet heating and evaporation,
occur under near-, trans- and super-critical regimes. Under these regimes,
the properties of liquid fuels change significantly. (1) The latent heat of
evaporation becomes zero; as a consequence, the solubility of one fluid into
the other, instead of evaporation, becomes important [144]; (2) The sharp
distinction between the liquid and gas phase disappears, and thus the surface
tension vanishes; (3) Transport and thermodynamic properties may vary sig-
nificantly even with small changes in temperature and pressure due to strong
thermodynamic nonideality and nonlinearity [144].

6.5. Effects of the moving interface due to evaporation

The effects of the moving interface due to evaporation on droplet heating
and diffusion of species inside droplets, discussed in [2], look rather unex-
pected from the point of view of the physical background of the problem.
From the point of view of classical mechanics, one would expect that the
exchange of energy between a lorry, and a ball hitting the back of that lorry,
would decrease in the case when the lorry moves away from the approaching
ball, compared with the case of a stationary lorry. The same decrease in
energy is predicted by the model described in [2]. The problem, however, lies
in the quantification of this effect. Since the velocity of the moving inter-
face due to evaporation is many orders of magnitude less than the velocity
of molecules, this effect would be expected to be negligibly small in con-
trast to the prediction of the model. Hence, the investigation of the physical
background of this effect still needs to be performed. Also, the analysis of
droplet heating and evaporation in the presence of the moving interface, de-
scribed in [2], did not take into account the effect of thermal radiation. We
do not anticipate any serious difficulties in taking into account this effect,
if we assume that droplets are semi-transparent and the radiative heating is
spherically symmetric (cf. the effect of thermal radiation on droplet heating
in the case of a stationary boundary [2]).

6.6. Complex multi-component droplets

We believe that the development of the Multi-dimensional Quasi-discrete
model (MDQDM), described in Sections 4.3 and 4.4, was a considerable step
forward in the development of a model for heating and evaporation of complex
multi-component droplets (Diesel and gasoline fuel droplets). The version of
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this model described in these sections, however, can be considered a prelimi-
nary one. The choice of quasi-components and components in this model was
based on trial and error and no ‘universal’ algorithm for their selection was
developed. As in the case of the Discrete Component Model, the MDQDM
was based on the assumption that the diffusion coefficient of all species is
the same and is controlled only by the composition of the droplet. This
assumption introduces errors which are impossible to quantify at present.
The corrections of the liquid diffusion coefficient due to droplet motion were
estimated based on the average composition of droplets. The validity of this
assumption has never been investigated to the best of my knowledge. Finally,
this model was developed for modelling heating and evaporation of spherical
droplets. Its generalisation to the case of non-spherical droplets (even slightly
deformed spheres) has not been investigated to the best of my knowledge.

6.7. Advanced kinetic and molecular dynamics models

Recent progress in the development of advanced kinetic and molecular
dynamics models was summarised in Section 5. The effect of the complex-
ity of Diesel fuel composition was taken into account by approximating this
fuel with a mixture of n-dodecane and p-dipropylbenzene. Crude estimates
of quantum chemical effects on the value of the evaporation coefficient of
n-dodecane droplets were made, and these effects were shown to be small
except at temperatures close to the critical temperature. Despite the above-
mentioned progress in the development of these models, there are a number
of issues which have still to be addressed. The approximation of Diesel fuel
by just two components is certainly too crude even for engineering applica-
tions. We cannot use the 98 component approximation, developed in the
Multi-dimensional Quasi-discrete model, in kinetic modelling, but it would
be essential to take into account the heaviest components of this fuel which
are the dominant components at the final stage of Diesel fuel droplet heating
and evaporation. If this is not done then errors due to ignoring the kinetic ef-
fects altogether could be less than those due to the simplified approximation
of Diesel fuel. Despite our early conclusion that quantum-chemical effects
on the values of the evaporation coefficient are weak, this issue cannot be
considered closed. Firstly this conclusion was drawn based on the appli-
cation of a rather simplistic model. The quantum-chemical effects on the
values of the evaporation coefficient, analysed more advanced models (e.g.
the models considered in Section 5.3.3) are still to be investigated. Also, the
quantum-chemical effects on the evaporation coefficient for realistic multi-
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component Diesel fuel droplets have not been investigated at all to the best
of my knowledge.

6.8. Effective approximation of the kinetic effects

As mentioned in [2], the only feasible way to apply the results of ki-
netic modelling to the analysis of Diesel fuel droplet heating and evaporation
within CFD codes would be to approximate these results using simple ap-
proximate analytical formulae. The first attempt to do this was made in
[145] (this paper is discussed in [2]), where simple approximate formulae de-
scribing the temporal evolution of Diesel fuel droplet radii and temperatures
predicted by the kinetic model are suggested. These formulae, however, are
valid for a rather limited range of gas temperatures and fixed values of initial
droplet radii, or for a limited range of initial droplet radii and fixed values of
gas temperature. A more general approximation of these results has yet to
be found. An alternative approach to approximating the kinetic results was
suggested in [129]. This approach was based on the approximation of the
vapour density and temperature at the outer boundary of the kinetic region,
rather than on the direct approximation of the values of the droplet radii and
surface temperatures. The applicability of the approach suggested in [129]
to engineering CFD modelling is still to be investigated.
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